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1 Types of Flow and Functional Diagram

The type of the two-phase flow, which develops in a pneumatic
conveying system, depends crucially on the load ratio (solids-
to-gas) u . The load ratio is defined by

H:Ms/Mg‘ (1)

Also the pressure drop of a pneumatic conveyor is strongly
determined by the solids load. The transport of particles
leads to a pressure drop in addition to that caused by the
pure gas flow.

In thermal engineering applications, e.g., cooling, heating,
drying, or incineration, the load ratio is typically x4 = 0.05-2, the
gas velocities in the pipe are 15-30 m/s, and the average particle
size dsq lies between ca. 50 pm and 2 mm. Under these operating
conditions, the particles are usually uniformly distributed over
the pipe cross section. This state of pneumatic conveying is
referred to as fully suspended flow. The short routes which the
particles have to traverse in pneumatic conveyor dryers of the
type shown in Fig. 1 consist of frequent turns and changes in
the cross section. In this case, the pressure drop is mainly caused
by acceleration of the particles at the feeding point and behind
the bends.

If the conveyor is intended solely for transportation, as is
shown in Fig. 2, bends are avoided whenever possible. Under
these circumstances, the weight and wall friction of the solids
are primarily responsible for the additional pressure drop.

A fully suspended flow is feasible if the load ratio in a hori-
zontal pipe remains less than the limited load ratio uy;,, [1-4]:

3 Dense-Phase Conveying...............oovvviunnnn. 1217
3.1 Movement of Particles in Pipes ................... 1218
3.2 Simplified Calculation................ooooneeet. 1218
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= (0.02...0.04) - k+— —
Hiim ( ) gDWs + \/dz gD(

1-0]. (2

A load ratio y, which is not more than about 10% greater than
the limited load ratio p;m,, does not create any problem for fully
suspended flow. The smaller constant in Eq. (2) is valid for
narrow particle size distributions and for approximately spheri-
cal particles, the larger constant has to be applied for broader
particle size distributions and for particles with irregular but
compact shape. Equation (2) is valid for conveying pipes with
an inner diameter larger than 70 mm.

At higher solids load and/or lower gas velocity, a part of the
product moves along the wall in the form of strands and the
strand type conveying is achieved.

At high solids mass flow rates, direct transition from strand
type conveying to plug flow occurs for solids with large particle
sizes and, in the case of finely grained particles, blockage of the
system develops. Plug flow conveying is frequently resorted in
order to save energy in pure transportation tasks.

Typical data for the three types of conveyance are given in
Fig. 3.

Plug flow conveyance may also be controlled. In this case,
bypasses are usually installed by means of which the columns or
plugs are restricted to given lengths [5, 6].

By itself, v is the superficial velocity, but in the term ¢/v it is
the effective velocity.

The functional diagram in Fig. 4 shows on the right-
hand side at the top the fully suspended flow at load ratios of
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L3.3. Fig. 1. Schematic diagram of a pneumatic conveyor dryer with gas velocity v, average particle velocity ¢, pressure pq of the pure gas,
and pressure p of the loaded gas stream along the path through the pipe.

u = 5-10. At higher load ratios and lower gas velocities, strands
and plugs developed at weakly increasing pressure drop. If the
solids mass flow rate ]\?IS is further increased, there is a small
velocity range in which dunes are conveyed. No stable pressure
drop occurs; at leftmost in the diagram the conveyance is again
regular at very high loadings and very small velocities. The
pressure drop of this type of conveyance is again stable. The
limit is achieved when an almost continuous, fluidized column
of product is slowly pressed through the pipe. The flow power
which has to be expended is for isothermal expansion
N:Vl-pl-ln&:%-pz-ln&. (3)
P2 P2
If before an adiabatic compression has been applied, the power
of the fan has to be increased by a factor of about 1.33, including
the efficiency factor.

2 Fully Suspended Flow

2.1 Particle Size Distribution

Measurements obtained e.g., by light scattering, laser diffrac-
tion, image analysis, screening, sedimentation or wind sifting
are plotted in an RRSB net to determine the particle size distri-
bution in the form of retained fraction R(d) or a cumulative

pass fraction D(d) = 1 — R(d) curve [7], Fig. 5. They are

described by
d _ d . "
R@:mfgﬁﬁﬂ for din <d < ', (4a)
max -~ d/ o1 d "
R(d) = exp |:_ (%) (E) :| for d/ < d < dma)U

(4b)

where d is the particle size corresponding to R = 1/e=0.36, dyi,
is the minimum particle size, and d,,, is the maximum particle
size. The exponent #n determines the slope of the distribution
curve at d and thus its width.

The courses of the velocities in Fig. 2 show that the velocity
of coarser particles remains substantially below the gas velocity.
Further preliminary estimates can be made from the velocity
ratios C = ¢/vin Fig. 3. If the entire particle size distribution at a
given load ratio y is expressed by the average diameter ds, at R =
0.5, the ratio of the mutual spacing a between the particles to
the size of the particles d is given by

a_ (m/6ps/p, c/v\'"*

=) (5)
u

Spacings calculated according to Eq. (5) are listed in Table 1 for

pulverized coal with the particle size distributions given in Fig. 5

at a load ratio of u = 1. The first row of Table 1 shows the result
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for the average particle size of the distribution. A spacing of 8.7
dsy = 244 pm characterizes the cloud of particles only very
roughly. If, however, the distribution in Table 1 is divided into
three classes, viz. 25% of fine, 50% of average, and 25% of coarse
particles, quite different spacings are obtained: 1,100 um for the

L3.3. Fig. 2. Conveying system with fully suspended flow. Shown
are the gas velocity v, the mean particle velocity ¢, and the pressure
of the pure gas flow as well as the pressure of the loaded gas flow
along the path through the conveyor.

coarse particles, 300 um for the average particles, and 62 pm for
the fine particles. Since the small particles move more rapidly
than the large ones, frequent overtaking and collisions of parti-
cles occur. In the following discussion, these collisions are
ignored. Research along these lines was recommenced in 1959
[6] and has since then been resumed. With respect to the
pressure drop, collisions of particles with the wall are by far
more important, because the associated velocity of impact is
very much greater than that between the particles. At load ratios
above u = 2 the mixture described earlier or a similar mixture
behaves approximately like a collective of particles with the
uniform particle size ds), due to the numerous collisions be-
tween the particles. It is for this reason that the average particle
size is resorted to for the analysis.

2.2 Equation of Motion and Velocity Ratio
In a fully suspended flow the forces acting on the particles of a
cloud parallel to the direction of conveying are the drag force
Fy, the component of weight parallel to the conveying direction
Fg, the frictional force due to weight Fr and the wall impact
friction force due to particle impact at the wall Fs.

From the momentum balance it follows for the product
mass Ms in a pipe section of length Al

dc
MSCEZFW+FG+FR+FS~ (6)

2.2.1 Drag Force

According to [8, 9], the drag force of the product cloud is
conveniently expressed in terms of its weight in a section of
length Al of the conveyor

o
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o ©
° \
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o °
. /
° °
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Msg = M,—g¢ (7)
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L3.3. Fig. 3. Various conveyance states with typical data. (a) Fully suspended flow, (b) Strand type conveying, (c) Strand type conveying and

plug flow.
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1 Flow Pattern

The pressure drop and the separation efficiency depend mainly
on the tangential velocities in the cyclone. The tangential veloc-
ity u, at the outer radius r, depends on the inlet velocity v, and
on the design of the cyclone (cf. Fig. 1a—c).

1.1 Slotted Inlet

If the gas enters the cyclone through a tangential slot, the radial
pressure field will force the gas stream against the wall. As a
result, the jet is contracted and is thus accelerated. The effect is
described by the contraction coefficient o (cf. Fig. 2), which
primarily depends on the geometric ratio f§ = b/r, between the
slot width b and the outer radius r,. According to [1] o depends
also on the load ratio of the particles in the inlet stream

He (Fig. 2):

A LU s
n 3 Y

The outer tangential velocity is obtained from the momentum
of the inlet jet expressed in terms of the outer radius, i.e.,

Vele/Ta
=l 2
- @)
The inlet velocity is given by
v
= 3
Ye = (3)

It is referred to the central streamline of the entering flow
(Figs. 2 and 3)

(4)

NSAIS

Te = Ta —
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1.2 Spiral Inlet

In the spiral inlet (Fig. 1b) the gas flow is decelerated due to wall
friction. There is no contraction of the flow as in the case of a
slotted inlet. The tangential outer velocity follows from the
momentum balance with the force of friction

Ve're/ra
ta = — (5)
a 1+%'AR—‘;P'V<3' re/rav

where 4, is the coefficient of friction at the spiral wall according
to [1] and Agp, is the area in the spiral over which resistance is
offered to friction

b+ 2r,

Apgp = a{ b+ he)} . (6)

The wall friction coefficient 4, for pure gas flowing within the
spiral is approximately the double of that in the separation
chamber, due to the small ratio between the area and volume
in the spiral [1]. The wall friction coefficient for the gas carrying
solids is higher and depends on the load ratio (cf. Sect. 1.2)
according to

As =0 (1+2/). (7)

1.3 Axial Guide Vanes

Axial guide vanes are mainly inserted in multicyclones at load
ratios of y. < 0.1. In most cases, simple plane vanes separated by
a distance ¢ with an overlap ii of 25% (Fig. 1c) show sufficient
performance. The guide vane angle J is mostly between 15°
and 30°.

The outer tangential velocity can be derived from this
geometry (cf. Fig. 1¢)

e cos(0)te/1a

Uy = —— =, (8)

o
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L3.4. Fig. 1. (a) Tangential slotted inlet. (b) Spiral inlet (full spiral: ¢ = 27, half spiral: ¢ = ). (c) Guide vanes (axial inlet): elevation, plan, and

development of the vane rig.

where the contraction coefficient has a value of « = 0.85 for
simple straight vanes, a = 0.95 for bent vanes, and o = 1.05 for
bent and twisted vanes [1, 2].

1.4 Inner Tangential Velocity

The inner tangential velocity u; at the radius r; (Fig. 3) of the gas
outlet pipe is calculated from the coefficient of friction A and
the total inner area Ay of the cyclone including the cover and the
outer wall of the vortex tube [3-5], i.e.,

Uy - 1o/ 9)

1+%~A—\f~ua~\/ra/ri'

If the lower cone diameter is smaller than the vortex tube

u =

diameter, then the cone area, enclosed in Ag, is calculated
down to the height, where the inner vortex touches the cone
wall at the diameter 27;.

The second term in the denominator of Eq. (9) may assume
a value between 0.25 and 0.75 if the load ratio . is small, and
values up to 2, if the load ratio is high.

Depending on the load ratio, the coefficient of friction at the
wall for the gas flow loaded with solids, 4, can be much higher
than the coefficient of wall friction A, for pure gas. In this case,
the friction caused by the dust strands (¢ =0.01 ... 1.0) orbya
carpet (e > 1.0) is superimposed on the friction brought about
by the roughness of the walls k/r, [2]:

Pg A\ /8
s = Jo +0.25 Frp—&% (2 . 10
o Vﬂ&“ rpxl—Saa<n) (10)

The Froude number
Vi

V28t

allows for the cyclone dimensions. The void fraction &g, of the
solid strands is roughly twice that of the loose particles [6].
Equation (10) has been confirmed by measurements [1] for

Fl‘i =

(11)

conical and cylindrical cyclone models of 800 mm diameter and
load ratios of 0.001 to 10. For cyclones of this size Eq. (10) is
usually shortened as follows:

s = Ao (1+2\/H,). (12)

In analogy to the flow through a pipe, the wall friction coeffi-
cient /g for the unladen gas depends on the roughness parame-
ter ky/r, and on the Reynolds number for the flow through the
cyclone (Fig. 4)

2reVax/V
Rep = — 2% (13)

h s

2 (14 (2))
with
09-V

Vax = 14
n(rf - rrzn) (14)
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L3.4. Fig. 2. Coefficient of contraction o for tangential slotted inlet
as a function of § = b/r,, with the load ratio of particles at the inlet
Ue @S @ parameter.

and
Tm = \/Tali- (15)

The wall friction coefficient is a function of temperature and
pressure due to its dependency on the kinematic gas viscosity v,.
If the temperature increases, then the kinematic viscosity vy
increases as well and therefore, according to Eq. (13) and
Fig. 4, also the wall friction coefficient rises. Thus, the inner
tangential velocity (Eq. (9)) and the separation in the
inner vortex (cf. Sect. 3.2) decrease when the temperature aug-
ments. This dependency has to be taken into account when
the separation efficiency and the pressure drop of a cyclone
are calculated. Hence, the model allows also for calculating the
performance data of a cyclone at high temperatures and/or high
pressures [8-10].

An alternative cyclone model for high temperatures and high
pressures has been developed by [9-11]. Based on the approach
of [12] this model divides the cyclone into four separation
zones and calculates with particle flux balances. The tangential
velocities of the main flow are calculated according to [13]. The
wall friction coefficient is calculated as a function of the wall
roughness and a Reynolds number, which is determined by the
thickness and the tangential velocity of the boundary layer. Re-
entrainment of particles, which are already separated from the
gas stream, as well as the influence of the secondary flow on
the cyclone separation efficiency are also taken into account.

He
—
¢ Ugq

Ll
§§‘;‘l“‘“~m
t

Us

L3.4. Fig. 3. Flow pattern in a cyclone: About 90% of the entering
gas flow streams as main flow along the cyclone wall downward and
then as an inner vortex upward into the gas exit. About 10% of the
entering gas streams as secondary flow along the top of the cyclone
and then around the vortex tube into the gas exit.

The model allows also to calculate the separation effect, i.e., the
width of the classification efficiency curve, cf. Sect. 3.2. Mea-
surements in low loaded cyclones at temperatures up to 1,600°C
and pressures up to 8 bar confirm the theory very well. All
equations of the model are given in [9, 10].

2 Pressure Drop and Pressure Drop
Reduction

The total pressure drop can be divided into three parts [4]:
Aptot - Apinlet + Ape + Apl (16)

Here the single pressure drops are calculated as differences of
total pressures pga + vng/2 and Py + ung/Z, since the main
parts Ap. and Ap; are determined mainly by the tangential
velocities in the cyclone.

At low and medium load ratios the pressure loss Apiniee
in the inlet duct is much smaller than in the other parts p.
and p;. It is [3]
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L3.4. Fig. 4. Coefficient of wall friction for pure gas as a function of
the cyclone Reynolds number Reg, Eq. (13), in a pure cylindrical (a)
and a conical cyclone (b) [7].

Apinier = 0 for slotted inlet

2 2
Apin __mn 1+E i 1,i .
et b'he 4 \r, o (17)

8.2
2 i
—(0.2 ..

-

for spiral inlet,

Apinter = .0.5) ~&vi2 for axial inlet.
In the equation for the pressure drop in a spiral inlet it is
a=1+2%2y [5 (cf Eq. (5)).

The pressure drop Ap. in the separation compartment
depends on the outer tangential velocity, the area of the wall
Ag, and the effective wall friction coefficient 4 [14]:

A Py

s 5oy () (18)

Ap. =

Allowance is thus made for the fact that the total gas flow rate V/
is split into a main flow of approximately 0.9V and a secondary
flow of approximately 0.1V [15]. The main flow streams along
the cyclone wall as an outer vortex downward and then, after
reversing its axial direction, as an inner vortex upward into the
gas outlet tube. The secondary flow streams in a short circuit
through the boundary layer at the cover and at the outer wall of
the gas outlet tube directly into the gas exit opening (Fig. 3).
The pressure drop in the gas outlet tube is for low and
medium load ratios . usually five to ten times larger than

both other parts of the pressure drop in Eq. (16) together. At
high load ratios the pressure drops in the separation compart-
ment and in the gas outlet tube are of the same order.

The pressure drop in the gas outlet tube depends crucially
on the ratio between the inner tangential velocity u; and the
mean axial velocity v; in the gas outlet tube

Vi =—> (19)

Ty

\ 4/3 N2
2+3<ﬂ> +(ﬁ) }&vf.
v v 2

The pressure drop, described by Eq. (20), arises between

ie., [2]:

Api = — (20)

the imaginary cylinder area of the gas outlet pipe with radius
r; and a point in the gas outlet pipe far beyond the cyclone,
where practically no more swirl exists in the gas flow. Thus, the
calculated value allows also for the pressure drop, which
emerges from the dissipation of the rotational energy due
to wall friction in the pure gas pipe. In the model this addi-
tional pressure drop is counted along with the total cyclone
pressure drop.

Often the pressure drop of a cyclone is measured between
the cyclone inlet and a point in the pure gas pipe, which is very
close to the cyclone cover. The pressure drop, resulting from this
measurement, will be much lower than the value predicted by
the theory.

Equation (20) yields the cyclone pressure drop in good
agreement with measurements for those cases where the pure
gas is blown into the atmosphere or where the pressure after the
cyclone is measured at a point and where practically no swirl
exists anymore (cf. [16]).

The pressure drop Ap; in the gas outlet pipe can be reduced
in a simple way by inserting a pressure plate, which acts as a
radial diffusor. There the fast annular flow in the gas outlet pipe
is guided in a small annular gap of height s between the cyclone
cover and the pressure plate. The deflection of the flow is carried
out with the deflection radius r,. On its way outward the flow
is decelerated, leading to an increase of the static pressure. The
outlet spiral serves only as a collector. If the pressure plate is
designed with the correct radius rp, i.e., rp/1; > 2, s/r; = 0.2,
and r,/r; > 0.1, pressure recoveries between 40 and 50%
can be achieved for swirl ratios u;/v; between 1.75 and 2.45,
respectively. By inserting a simple outlet spiral without pressure
plate the pressure recovery will be only about 15%, since in this
case the spiral is not completely filled with the annular flow
exiting the gas outlet pipe and thus, the flow is not sufficiently
decelerated.

Pressure can be recovered more efficiently by installing swirl
vane inserts in the gas outlet pipe. The device consists of a
central, mostly cylindrical core with 6-12 curved guide vanes
fixed on it. They deflect the annular flow with only small losses
of kinetic energy into a pure axial flow and therefore, transform
dynamical pressure into static pressure. Thus, the rotational
energy stored in the annular flow is transformed into pressure
instead of losing it due to dissipation, which would be the case,
if no such measure is applied. At low to medium load ratios the
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pressure drop can be reduced by 40-60%, depending on the
swirl strength. For details see [14].

Cyclone with higher load ratios and short entrance ducts,
where the solids feed has a low velocity at the beginning of the
duct, exhibits a considerable pressure drop in the entrance duct
and shows — compared to low loaded cyclones — modified influx
conditions at the cyclone entrance [17, 18].

The differential pressure loss in a segment of such a cyclone
entrance duct is the sum of the losses which result from gas and
solids acceleration [19]

(21)

The total pressure drop in the entrance duct results from
integrating Eq. (21) along the way through the duct. For
high load ratios this pressure drop is of the same order as the
pressure drops in the separation compartment and in the gas
outlet pipe.

For high load ratios the mean solid velocity c. at the end of
the duct averaged over the duct cross section is often consider-
ably smaller than the gas velocity v, at that point. Then, in the
succeeding entrance zone of the cyclone a rapid momentum

dp = dpgas +dps = —pg - v-dv — e - pg - v de.

exchange between solids and gas takes place. As is shown in [19]
the solids velocity increases in this zone by the amount Ac and
the gas velocity decreases by the amount

Av =—p, - Ac. (22)

The velocities of solids and gas after the momentum exchange

(23)

CGin = Vin

are generally considerably smaller than the gas velocity at the
cyclone entrance ve. In this case the cyclone calculation has to be
performed by applying v;, instead of v, as input quantity.

A more exact calculation allows for measured gas and solids
flux pattern, whereupon with increasing height above the bot-
tom of the duct the load ratio u. and the mean particle size ds,
decrease and the gas and solids velocities v and ¢ increase. For
details see [20, 37].

3 Separation Efficiency

A factor to be taken into account in calculating the separation
efficiency is that the restricted turbulence in the cyclone entails
that only a certain solids fraction can be carried in the swirling
flow [21]. If the load ratio in the inlet . exceeds the limit py;y,
[2, 5], the excess mass fraction will be removed immediately
after the gas jet enters the cyclone (Fig. 5), and only a small
fraction that is restricted by the limit uy;,, will undergo the
centrifugal separation process in the inner vortex of the cyclone.
Accordingly, two separation mechanisms are distinguished:

e Separation due to exceeding the limiting load ratio, which is
also called the wall separation
e Separation in the inner vortex

For load ratios in the inlet y. < p;y, only the second separation
mechanism is active, and for load ratios u. > tyim, which is by

far the more common case, both separation mechanisms are
effective.

Hiims A (d)

Product as strands or carpet

L3.4. Fig. 5. Separation due to exceeding the limited load ratio
immediately after the cyclone entrance, cf. Eq. (33).

3.1 Separation at the Wall

If the load ratio in the inlet exceeds the limited load ratio, the
excess mass is removed immediately after the cyclone inlet and
forms strands or a continuous layer at the wall. Only a small
fraction of finer particle size distribution remains in the gas flow
and undergoes centrifugal separation in the vortex of the cyclone.
This solids fraction is called the “inner feed.” The wall separation
thus leads to a classification of the solids feed [22]. The classifi-
cation is characterized by the cut size for wall separation

- 181,

5,50 A= » 24
e Ws,50 Apfe ( )

where w; 5 is the settling velocity of a particle which is separated
by 50% from the gas stream, while moving along the clarification
area A,, in the zone of downward flow under the mean centrifugal
acceleration Z. [23]. With a secondary flow of 10%, it is given as

0.5(0.9V)

Ws50 = —— -

. (25)

The clarification area includes the cylindrical part of the cyclone
and the upper part of the cone because of the reversing vortex,
Fig. 3. For pure cylindrical cyclones A, is the area of the total
cylindrical wall.

Particles with the diameter d are separated by 50% from
the gas stream moving along the clarification area A,. Particles
of sizes much larger than the cut size deposit immediately at the
cyclone wall, whereas finer particles find their way into the inner
area of the cyclone.

The mean centrifugal acceleration Z. along the streamline
from the entrance of the radius 7. down to the lower end of the
clarification area A,, of the radius r, (Fig. 3) is
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— Uelly
=== 26
= (26)
with the tangential velocities
UaTa [ Te
Ue = — (27)
1 +%0é;§-/ g/ Ta/Te
of the radius 7. and
" tara /13 (28)

L5 /nm

of the radius r,. The area A.;, over which the gas stream flows
during its first turn, is approximately

Ao = (2mryhe) /2. (29)

Allowing for contraction of the entering gas flow in the entrance
zone (Fig. 5) the reference radius 7, is given by

1
T =\Te -1 = <ra — Erxh) 1. (30)
The limited loading ratio pj;,, depends on the mean centrifugal
acceleration for the separation and on the particle size distribu-

tion of the feed with the median diameter ds, 4 and further on
the load ratio of the feed p. [2, 14, 22]:

*

d
i = K+ (25 - (108"

50,A

(31)

The constant Kj;,,, varies between 0.02 and 0.03. The minimum
value was found for fine particles with large slope angles, and
the maximum value for coarser particles with small slope angles.
For a large number of dusts, it is Kj;,, = 0.025.

The exponent k has the value 0.81 for inlet loadings
e < 2.2 X 107>, is constant 0.15 for inlet loadings p. >0.1,
and follows the curve

k= 0.15 + 0.66 - exp [—( Fe )0‘6]

32
0.015 (32)
in the region 2.2 X 107° < p. <0.1.
The efficiency for separation due to exceeding the limited
load ratio is [2]
Him

77e:1_ .
He

(33)

This separation mechanism takes place before the separation
in the inner vortex and can, for feed loadings u. >0.1, easily
exceed the latter (Fig. 9). With increasing feed loading fi. the
separation efficiency 7. rises, the separation efficiency of the
inner vortex however, declines due to the decrease of the inner
tangential velocity (Egs. (9) and (10)).

The particle size distribution of the inner feed is determined
by the characteristic particle size dspa; [22]. The complete
residue curve of the inner feed may be approximated by an
RRSB function as given in Eq. (34), i.e.,

Rui(d) = exp [_ (%) }

(34)

with
dSO Al
;v Al
gy = o ()
and
dsoai = dso.n  for pe < pyy
% - im/ He
dsoni = dson — (dsop — d) w
0.5
' (36)
for 0< (1—“1&) <05
He
_ gx Hiim
dSO,Ai = de for 0.5 < <1 — —>,
He

where ds 4 is the mean particle size of the feed.

The exponent n,; describes the width of the residue curve
of the inner feed and depends on the loading of the feed
according to

na = max(1.2;ny)  for fe > Wi, (37)

nai = na for ple < iy
Experiments have shown that for various particle size distribu-
tions of the feed and for various operating conditions the residue

curve of the inner feed plotted over d/dsya; can be very well
approximated by a single curve, which is shown in Fig. 6 [22].

3.2 Separation in the Inner Vortex

The separation in the inner vortex is characterized by the cut
size d* of the main stream [4]. It is given by the balance of the
centrifugal force acting on the particles with a diameter of d*
and its drag at the radius r; of the vortex tube. Assuming a
secondary flow of 10% the cut size can be calculated from [5]

- 18,0.9V
-\ Apu2nhy

It depends mainly on the square of the inner tangential

(38)

velocity and on the height A; of the separation compartment
(Fig. 7) below the vortex tube.

The cute size d* characterizes the grade efficiency curve ng
for the separation in the inner vortex.

1.0 —
R
0.5
B d 1.2
Rui (d) =expl {37
0
0 0.1 1 didso, o 10

L3.4. Fig. 6. Residue curve of the inner feed for various feeds and
operating conditions as a function of d/dsq i EQ. (34).
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L3.4. Fig. 7. Calculation of the cut size d* for the main gas stream,
Eq. (38), and for the secondary gas stream (for details, see [15]).

Figure 8 shows experimental - curves for various cyclone
types [2]. The experimental value for the cut size is found to
be the theoretical value multiplied by the factor ranging from
1.2 to 1.3, depending on the geometry and on the flow pattern
in the cyclone. For the calculation the ng- curve may be de-
scribed in the region Dl d*<d<D-d* by

AP PR PR RS | R

in the region d < D' - d* by i = 0 and in the region d > D - d*
by mr = 1; the shape of the curve is adapted to the cyclone
type by the parameter [20]

_ /& =1)

= (= 05) (40)

D may assume values between 2 and 4, and D = 3 for a typical
cyclone.
The separation efficiency in the inner vortex is given by
m
=Y ne(dj) AR (d)). (41)
=1

In this equation, the residue curve of the inner feed is subdi-
vided into m classes and it is calculated with the mean particle

sizes in each particle size fraction. AR,; (d*;) is the mass fraction
of the jth particle size fraction.

The grade efficiency in the inner vortex, ng(d;), is valid
only if u. is less than py;,. A rough approximation of the
grade efficiency can be obtained in one step from the cut
size d*, i.e.,

& Rai(1.05d"). (42)

33 Total Separation Efficiency

The total separation efficiency is the sum of two parts, according
to the two separation mechanisms, i.e.,

_ Him Bt

€ €

nges =1 (43 )
The second part is calculated as in Sect. 3.2 by the grade
efficiency curve ng(d), Eq. (39).

If the feed loading ratio is below the limited loading
ratio, fte < Mim, only the separation in the inner vortex is
valid and it is

Mot = - (44)

The inner feed is, in this case, identical with the feed, i.e., Ry;i(d)
= Ru(d) (Fig. 9).

With increasing solids loading the inner tangential velocity
decreases due to the increased wall friction. Therefore, the
separation efficiency n; in the inner vortex drops down, whereas
the separation efficiency 7. at the wall increases and becomes
dominant.

The amount of particle carryover is

S(kg/m’) = (1 - nges)uepg

with 7, calculated by Egs. (43) and (44). The accuracy of S is
approximately =+ 20% for a typical cyclone geometry.

The particle size distribution of the carryover, Ri(d), can be
determined in m size fractions by means of the total separation
efficiency, the distribution of the inner feed, and the grade

(45)

efficiency curve [22]:

_Hg (1- UF,i(d))

AR (d) “ARyi(d) for p. <pug  (46)
He 1- nges
1 —ng;(d
ARg(d) = M_Gw “ARy(d)  for p, > pg.
He I TNges
From Eq. (46) the total grade efficiency curve is obtained.
- ARg(d)
d=1-(1- —. 47
nFﬁtot( ) ( nges) ARA(d) ( )

Figure 10 shows the influence of the feed loading ratio on
the total grade efficiency curve. For u. >y, the curves
no more drop down to zero but increase with decreasing
particle size. The reason for the intensified separation of fine
particles with increasing solids loading is that the fine particles
are overwhelmed in the solids strands immediately after enter-
ing the cyclone.

For . < thim the fine particles are no more overwhelmed in
the strands. Therefore, the grade efficiency curve decreases to
zero with decreasing particle size (Fig. 8).
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L3.4. Fig. 8. Grade efficiency curves for separation in the inner vortex for three different cyclone geometries [2].
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L3.4. Fig. 9. Separation efficiency and the inner tangential velocity
u; related to the inner tangential velocity u; for pure gas, as a
function of the feed loading ratio pe.

An optimized calculation of the total separation efficiency,
which takes also into account the secondary flow, is performed
according to an approach of [22]:

Vsec Him | Him
e e o R el

v,
+ ‘?/ec. |:1_M_D+H_D.77T:|.

e e

(48)

1.0

—_—
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L3.4. Fig. 10. Influence of the load ratio of the feed y. on the total
grade efficiency curve. For pte < wim only vortex separation is

effective, for ue > wim wall separation also contributes to the
separation.

The first term describes the separation in the main flow and is
calculated by means of Eqgs. (24-44). The second term contains
the separation in the secondary flow. The value of 10% for the
fraction of the secondary flow, assumed in Eq. (38), is a mean
value. The exact value depends essentially on the feed solids
loading and is normally between 5% and 15%. According to
[22] it is given by

‘/SE.‘C _ 2
v 0.0497 4 0.0684n + 0.0949n",

(49)
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_ In(u;/u,)
In(r,/r)

An alternative approach for calculating Viec is described in [24].
Both calculation methods are compared in [22].

The secondary flow can carry more solids than the main
flow, due to its lower tangential velocity and therefore, reduced

n (50)

attenuation of the turbulence. Measurements [1, 22] have
shown that the limited loading ratio in the boundary layer at
the covering up is much larger than the limited loading ratio
Ui of the main flow. According to [22] pp is given by lﬁ—i =
for p, > 64, and pip = p, for p, < 64ty

Cyclones with a vortex tube force the secondary flow to
move in spirals around the tube down to the opening. On its
way around the tube, the secondary flow rotates much slower
than the surrounding main flow. The particles carried in the
secondary flow need some time to be captured by the surround-
ing faster main flow. It results, analogous to the main flow, in a
cut size dj for the separation out of the vortex tube boundary
layer (details, see [15]). The separation efficiency nr for the
removal of particles from the vortex tube boundary layer
increases with increasing vortex tube length. Measurements
for different feed loadings lead to the relation

nr(hr) = 0.0105 - arctan(35 - hr/h) (51)
with [arctan (35ht/h)] = Degree.

On the other hand, an elongation of the vortex tube, at
constant total height of the cyclone, reduces the height A of
the separation compartment below the vortex tube and thus
degrades the separation efficiency 7; in the main flow, Egs. (38)-
(41). Therefore, there exists an optimum length of the vortex
tube, which results in a maximum total separation efficiency
and a minimum carryover of particles (Fig. 11). If the vortex
tube is too short, the secondary flow transports a considerable
mass of dust into the pure gas. The optimum vortex tube length

(]
£ 8
(o)}
= Total
%)
-
o 2
82T —
E | R—
‘; N Contribution of main flow
a1

0

0 1000 2000 3000

Vortex tube length Ay in mm

L3.4. Fig. 11. Dust emission S of the cyclone in example 1 as a
function of the vortex tube length: total emission (solid curve) and
contribution of the main flow (dashed curve) to the total emission.

calculated according to Eqs. (48)—(51) agrees very well with the
experiments [22, 25, 26] for various cyclones.

The grade efficiency curve n for the vortex tube separation
mechanism, described earlier, is calculated by Eq. (51). This
curve has been measured for one cyclone. For other cyclones
Eq. (51) is a rough approximation. By means of an impro-
ved calculation method 71 can be obtained as a function of
the vortex tube cut size d; and therefore, as a function of the
geometry and of the flow pattern in the cyclone. For more
details see [22].

For small solids loadings the dust removal from the secondary
flow contributes up to 15% to the total separation efficiency [22].

For higher loadings its contribution to the total separation
efficiency is considerably lower, since over 95% of the entering
particles are separated due to exceeding the limited loading
ratio. Nevertheless, also in this case it can be very useful to
achieve an optimum separation efficiency of the vortex tube,
as has been shown for example in reactor systems with circulat-
ing fluidized bed, where only small changes of the length and of
the position of the vortex tube (eccentrically shifted) had a large
influence on the mass flow and on the particle size distribution
of the circulating particles [20].

Also the geometry of the product outlet has an influence on
the separation efficiency and the pressure drop of a cyclone. Its
influence on the separation efficiency is of the same order as
that of the secondary flow. Recommendations for an optimum
geometry of the product outlet are given in [1, 2, 19, 27-30].

3.3.1 Particle Size Distributions for

Agglomerating Fine Dusts

Fine dusts <40 um can constitute, depending on the prelimi-
nary conditions to which they were subjected, agglomerates of
10-100 particles. In cyclones of diameters >1 m and outer
tangential velocities u, of 10-15 m/s, these agglomerates are
not or only partially dissolved in the boundary layer of the wall.

Figure 12 shows particle size distributions of cement dust
collected in an electric precipitator. The curves 2 and 3 are
shifted parallel with increasing exposure of the probe to a
magnetic stirrer and ultrasound.

In cyclones it is for similar cases

. 0.78
d—d. <7V° ' APC”) .

; 52
V- Ap. (52)

The agglomerates are stressed mainly in the boundary layer at
the wall of the separation compartment, where the power of the
stream Ng, = V - Ap. is transformed. The parameter for the
width of the RRSB particle size distribution n remains constant
for the three different powers N (Fig. 12), the characteristic
particle size d’ is converted according to Eq. (52). Experiments
were performed for volume flow rates of 60,000-80,000 m’/h
at a flue gas temperature of 350°C and a dust concentration of
50 mg/Sm”.

Example 1 (High loaded hot gas cyclone):
For the high loaded hot gas cyclone (gas temperature 870°C)
shown in Fig. 13 the separation efficiency and the pressure drop
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L3.4. Fig. 12. Residue curves of agglomerating dusts.
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L3.4. Fig. 13. Geometry of the hot gas cyclone in Example 1.

are calculated. The feed has the particle size distribution Ra(d)
shown in Fig. 14.

The effective gas flow rate is 50 m*/s, and the solids loading
is ft. = 5 kg/kg gas.

Operating data:
V =50 m’s, T=870°C

pg = 0.305 kg/m’, p, = 2,000 kg/m’
Ny =45-10"°Pas, A, = 81 m’, Ag = 129 m’

Coefficient of friction and tangential velocities:

Je  =0.0274 Eq. (12)
u, =185m/s Eq.(28)
in =259m/s Eq.(9)
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Cut size and separation efficiency

d =29 um Eq. (38)
W, 50 =0.278 m/s  Eq. (25)
Uey =20.2 m/s Eq. (27)
Ze =206 m/s>  Eq. (26)
d; =24 um Eq. (24)
Viek/V  =0.078 Egs. (49) and (50)
N =0.8841 Eq. (51)

Hence, the total separation efficiency including the separation at
the vortex tube is

0.0107  0.0107
e = (1 —0.078) - [1 ——+ ~0.4256]
0.0642  0.0642
+0.078 - |1 — 5 + -0.8841| = 0.9987
Eq. (48)
and the emission is given by
S= (1_77ges) “He - Pg = 17907g/m3 Eq. (45)

The curve for the emission as a function of the vortex tube
length has a broad minimum. Only for vortex tube lengths
below 1,000 mm the emission increases considerably (see also
measurements of [22, 25, 26]).

Pressure drops:
Ape =127 Pa
APi =525 Pa

Eq. (18)
Eq. (20)

In Fig. 14 the particle size distributions of the feed Rs(d), of the
inner feed Ry;(d), and of the fines Rp(d) are shown. Accordingly
the dust, which arrives at the region of the inner vortex (R,;), is
considerably finer than the feed. Each particle collective has a
maximum particle size and a minimum particle size, d,,,, and
dinin»> respectively (see © Subchap. L3.3). The parameter n, for
the width of the particle size distribution of the feed is readable
at the upper scale.

3.3.2 Simplified Cyclone Design

If it has to be estimated in a short time whether a cyclone
is appropriate for a dust removal problem, a simplified
design according to the following scheme can be performed.
Example 2 (Rough design of a low loaded cyclone):

A cyclone for dust removal from air at environmental condi-
tions is designed:

Gas flow rate V=1m’/s
Solids loading of the feed e < 0.1
Mean particle size of the feed dso.a = 10 pm

ps = 2,600 kg/m’
Apror = 2,000 Pa

Particle density
Allowed pressure drop

For a typical low loaded cyclone

It is approximately Ap; = 0.9Apeor

Ratio of velocities w/v; &= 2
Ratio of radii rr~3
Ratio between height and radius hilr, ~ 4
Pressure drop coefficient of the vortex tube ¢&; ~ 15

The pressure drop of the vortex tube is calculated approximately
as that in a pipe flow:

Api = ﬁi : (pg/2) : Vizv
1,800 = 15 - (1.189/2) - v}

Hence, it follows a mean axial velocity in the vortex tube
of v; = 14.2 m/s and an inner tangential velocity of u; = 2 x
14.2 = 28.4 m/s.

From v; and the gas flow rate V the vortex tube radius is
obtained:

LICTLD Y

In(r,/1)

The average axial velocity in the vortex tube and the gas flow
rate determine the radius of the vortex tube

= = 150 mm.

-V

With r,/r; = 3 it follows the cyclone radius r, = 450 mm and
with h/r, = 4 the height of the separation compartment
h; = 1,800 mm.

From h~ h; 4+ 0.25h; (cf. [15]) the total height of the cyclone
is obtained:

h = 2,250 mm.

Then the cut size d* can be calculated according to Eq. (38)
to d* = 3.7 pm.

If for the feed an RRSB particle size distribution of medium
width is assumed, i.e., 1y = 1, and further a sharp separation
at the cut size d* is assumed (cf. Eq. (42)), then a total separa-
tion efficiency of about 96% can be predicted. This estimation
has for the given geometrical ratios and for low solids loadings
an accuracy of a few percentages. However, for higher
loadings the proper calculation procedure is recommended.
Reviews [3, 19, 31-35] and short articles [21, 24, 36] about
cyclones for the precipitation of solid particles are given in the
literature.

4 Symbols

Ae cross-sectional area of inlet (m?)

A cross-sectional area of gas outlet pipe (m?)
Ar area offering resistance to friction in

cyclone (m?)

Agr,sp area offering resistance to friction in spiral
inlet (m?)

Aw area of cyclone wall (m?)

b width of inlet (m)
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Ba(d)

G

d*

d.*
dr’*

dSO,A
dSO,Ai

k',
I<lim

m
Mfeed
Mcoarse
n

LON

LON]

Apiot
Ap.
Ap inlet
A p,'

Ta

>

R(d)

AR(d)
RA(d)
Rai(d)
Ry(d)
Rer
Res

Barth number (-)

particle velocity at cyclone entrance (m/s)
particle velocity in entrance zone inside
cyclone (m/s)

particle diameter (m)

cut size for separation in the cyclone vortex
(m)

cut size for separation at wall (m)

cut size for separation in boundary layer
around vortex tube (m)

median particle size of feed (m)

median particle size of inner feed (m)
characteristic particle diameter of RRSB
distribution (m)

parameter in 7k curve for separation in inner
vortex (—)

Froude number of cyclone flow (-)

total height of cyclone (m)

height of inlet (m)

height of separation compartment (m)
length of vortex tube (m)

exponent for calculating limited load ratio (-)
roughness parameter ()

constant for calculating limited load ratio (-)
number of size fractions (-)

mass flow of feed (kg/s)

mass flow of collected coarse fraction (kg/s)
exponent for calculating tangential velocity (—)
slope parameter for residue curve of feed (-)
slope parameter for residue curve of inner
feed (-)

total pressure drop (Pa)

pressure drop in separation compartment (Pa)
pressure drop in inlet (Pa)

pressure drop in gas outlet pipe (Pa)

outer radius cyclone (m)

radius of pressure plate (m)

inlet radius (m)

radius of gas outlet pipe (m)

average radius (m)

radius of deflection at pressure plate (m)
average radius of cone (m)

radius of lower cone opening (m)

reference radius for centrifugal

acceleration (m)

fraction retained on screen with mesh size d
(Residue) (=)

fraction retained in size interval around d (-)
residue of feed (-)

residue of inner feed (-)

residue of fines (-)

Reynolds number of cyclone (-)

Reynolds number for flow around particles (-)
distance between pressure plate and cyclone
cover (m)

particle emission (kg/m’)

guide vane spacing (m)

overlap guide vanes (m)

Cyclones for the Precipitation of Solid Particles
u tangential velocity (m/s)
U, tangential velocity at radius r, (m/s)
U, tangential velocity at radius r, (m/s)
U tangential velocity at radius r; (m/s)
U tangential velocity a t radius r, (m/s)
un = /U, - 1 average tangential velocity (m/s)
v axial velocity (m/s)
Vax average axial velocity in cyclone (m/s)
Ve gas velocity at cyclone entrance (m/s)
v average axial velocity in vortex tube (m/s)
Vin gas velocity in entrance zone of cyclone (m/s)
14 gas flow rate (m>/s)
Viee gas flow rate of secondary flow (m?/s)
Ws,50 settling velocity of particles with size d (m/s)
Ze mean centrifugal acceleration at reference
radius 7, (m/s?)
o coefficient of contraction (-)
p=b/r, relative width of inlet (-)
o guide vane angle (°)
e helix angle (°)
Esr void fraction of strands (-)
g dynamic viscosity of gas (Pa s)
ot total separation efficiency (-)
Ne separation efficiency at wall (-)
i separation efficiency in cyclone vortex (-)
ne(d) grade efficiency (-)
Ao coefficient of friction for unladen gas (-)
As coefficient of friction for gas carrying solids (—)
e load ratio at inlet (-)
Wim limited load ratio (-)
Vg kinematic viscosity of gas (m?*/s)
Pg gas density (kg/m’)
Ps particle density (kg/m?)
Ap = ps—p,  difference in density (kg/m?)
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1 Introduction

The heat and mass transfer between two immiscible fluid phases
with different density is essential for many processes. Thereby
usually one phase is dispersed into the other continuous phase
to achieve preferably large interfacial areas and long contact
times. Some examples are the distillation and rectification in
petrochemical industry, the extraction out of fermentation
brothes in biotechnology or the absorption of oxygen out of
air in biological waste water treatment. The calculation of size
and terminal velocity of fluid particles is the basis for the design
and optimization of reactors and processes.

2 Formation and Movement of Bubbles
and Drops at Orifices

The calculation of the particle size in multiphase flows is based
on the equilibrium of forces acting on the particle surface.
These forces are dominated by the hydrodynamic conditions
above the dispersing system like orifices, nozzles, perforated
plates, ceramics, or membranes. Due to the hydrodynamic
conditions at the dispersing system a zone close and in more
distance to the formation point has to be distinguished for
the formation of drops and bubbles. For coalescing systems
and/or under turbulent conditions, the particle size is domi-
nated by coalescence and re-dispersion and therefore depen-
dent on the local energy dissipation. For practical application
the average particle size decisive for the calculation of the
specific interfacial surface area a is often characterized by
the Sauter-Diameter ds,

Z”i'dii.
> i dy,

In non-coalescing systems or low turbulence the particle diam-

eter obtained by the dispersing system keeps almost constant.
At low flow rates the particle diameter is dominated by the

force equilibrium at the dispersing system (primary diameter)

(1)

d32 =
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and for higher throughput by the fragmentation above the
dispersing system (secondary diameter). Whereas, the forma-
tion of bubbles and drops is very similar for low fluid through-
put a significant difference in dispersion processes occurs for
higher gas/liquid velocities (dynamic formation, Fig. 1).

The reason for the different behavior of bubbles and drops
at high throughput is the different inertia and incompressibility.
At low throughput the formation frequency is small enough to
enable an undisturbed detachment of the particles and launch
in almost the quiescent liquid. This range with periodically
detaching of single particles is usually called “bubbly regime”
or “periodic drop formation”. At dynamic formation of fluid
particles different formation mechanisms for drops and bubbles
occur: Despite of high formation frequencies bubbles still detach
as single particles but disintegrate into several secondary bubbles
due to the dynamic of detachment [1, 2]. The slower formation
of drops causes a deformation and aggregation to a liquid jet
above a critical approaching velocity. The deformation energy
and force of reaction (surface tension) causes a wavy shape of
the jet and a disintegration at the tip (jet disintegration). The
residual secondary droplets show similar to secondary bubbles
a much smaller diameter with a wide size distribution [3].

This makes clear that the equilibrium of forces will also be
affected significantly by the formation process of neighboring
particles. Therefore, the distance between the orifices as well as
the prechamber volume is of great importance for widely-used
perforated plates and membranes in industry.

The following recommendations for the calculation of par-
ticle formation diameters at orifices are classified into the above
mentioned sections of periodical formation of primary parti-
cle and formation of secondary particle.

2.1 Periodical Formation of Primary Particles
The distinction between periodical formation of primary
particles and secondary dispersion by jet gassing or jet disinte-
gration is of great practical importance. A small particle size
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Formation of single particles

Periodic formation of bubbles and drops

Regime transition

Formation of particle swarms
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L4.1. Fig. 1. Schematic drawing of the particle formation at an orifice in dependency of the Weber number.

distribution can be reached in the regime of periodic particle
formation whereas the Sauter-Diameter ds, increases with in-
creasing throughput. The diameter of the generated particles is
determined by the equilibrium of forces between buoyancy,
surface tension, drag and inertia. Due to the balance of forces
different models have to be taken into account (see Fig. 2).

For a very slow quasistatic formation process the formation
of bubbles and drops follows the same mechanisms calculable
with the analytical solution of the force balance by neglecting
inertia. An overview is given by Chhabra [2], Rabiger [1],
Blass [3], Tsuge [4] and Stolting [5].

For the periodic formation of fluid particles at nozzles and
capillaries Voit [6] recommends a one step model that is appli-
cable to Newtonian and to some extend also non-Newtonian
liquids. Therefore, Voit simplifies the force balance by assuming
a quasistatic equilibrium between buoyancy force

_T 3
Fa=Zlpgd, (2)
viscous force
Vb
Fy = 15nk FN (3)
P
inertia force
Voo 2
Fr=13pg <d—”> (4)
P
and the force by surface tension
Fo=mndyo (5)

due to

 [(Fy+Fr+F\ 6"
dP*[( Apg )E] ©

n
7777777777777, VDT

B ——

dy

L4.1. Fig. 2. Equilibrium of forces for quasistatic formation of a
particle.

For non-Newtonian liquids the effective viscosity is calculable by

n—1
n

11
Ny = K» {g Apg dp] (7)

with the consistence factor Kand the Ostwald de Waele index n
for non-Newtonian behavior. K and # can be calculated by
fitting the flow curve measured with a drag-torque viscometer
to the power law

N = K- 7" (8)

valid for most polysaccharide solutions, activated sludge, and
fermentation brothes [7-10]. This method is applicable
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for periodical formation of bubbles in Newtonian and non-
Newtonian liquids and has been validated by Voit [6] for
Carboxymethylcellulose (CMC: K < 32 mPas, n > 0. 4), Poly-
acrylamid (PAA: K < 7.1 mPas, n > 0. 3), Xanthan Gum (E 415:
K < 6.3 mPas, n > 0. 2), and water-based glucose solutions (1
<5 Pas) with a surface tension of 0.05N/m < ¢ < 0.07N/m a
liquid density of pg = 1000kg/m?, and a gas density of
pp = 1.2kg/m>®. The orifice diameter was varied between
0.3 mm < dy < 2.4 mm. In accordance with Voit the deviation
between calculated and measured diameter of primary bubbles
is less than 10% and therefore in the order of measuring accu-
racy. The applicability of the model for periodical formation of
droplets is due to Voit and also possible with an accuracy
between experimental and calculated data in the range of the
measuring accuracy [6].

Whereas the calculation of particle diameter according to
equation 6 is quite complex due to the necessary iteration; the
graphical solution given by Mersmann (1977) [11] gives a
convenient possibility to estimate the primary particle diameter.
Mersmann uses a normalized diagram with the simplified
equilibrium of forces between viscous and buoyancy force
(dpy according to eq. 6) as well as inertia and buoyancy force
(dpr according to eq. 6)

related to the smallest possible particle size, calculable with the
force balance of surface tension and buoyancy according to

3 6dNU
dps = .
"\ Apg

The constant C depends on the flowindex # calculabe by

(11)

n—1

an 1)\ 3+t
C = 2.3254. (f)
6

in accordance to Voit [8]. For the graphical analysis of the
particle size the log-log scale diagram given by Mersmann
[11] has been established (Fig. 3).

According to Mersmann [12] the diagrams is also valid for
extreme conditions like bubbles and drops in highly viscous
liquids (nx = 3 Pas) and liquid metals (¢ = 0.5 Nm™') as well
as drops of liquid metals in vacuum or supercritical gases. As
restriction the dynamic viscosity of the dispersed phase is limit-
ed to np < 50 mPas.

(12)

2.2 Formation of Secondary Bubbles and
Drops by Jet Bubbling and Jet Breakup at

Single Orifices and Perforated Plates

1
K . 170
dpy = C- |— V" (9) . ) . .
U Apg P For industrial application it is necessary to reach high through-
puts of the dispersed phase and small particle sizes to get
and huge specific interfacial areas (jet bubbling, jet breakup). In this
,02 case, the inertia forces a secondary fragmentation of the primary
dpr=12- [pl &} (10) particles above the orifice. The range of secondary particle forma-
Ap g tion is often characterized by the dimensionless Weber- or Froude
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L4.1. Fig. 3. Normalized diagram to determine the primary particle diameter in Newton and Shear-Thinning liquids [11].



1242

Bubble and Drops in Technical Equipment

number. For small diameters of the orifice the buoyancy forces are
neglectable and the surface tension dominates and vice versa for
large orifices. Depending on the orifice diameter the dimension-
less Weber- and modified Froude number

2.4y o /Ap\/?
Wey = "N "IN Pp o oo /M(l) <232
o o \pPp
(13)

and

wx? [ p 5/4 g (Ap 5/8
Fryay = -2 (P2) " > 037fordy, [P28(22) > 232
dy - g \Ap o \Pp

(14)

can be used as criteria for the formation of secondary particles
[1, 13]. In this case the influences of an overlaid fluid flow wg, the
viscosity 7, and the contact angle y has been neglected. An

overlaid fluid flow as well as an increased viscosity leads to an
increased critical Weber number [1, 14, 15]. The contact angle
y depends on surface tension, wettability, and the geometry of
the orifice [16, 17]. The critical Weber- and Froude numbers
are important characteristic numbers for the performance of
perforated plates, because if the throughput falls below this critical
value a nonuniform fluid distribution occurs for gas as well as for
liquid dispersion with the unwanted effect of a “raining” through
the plate. For providing an uniform fluid distribution for every
single orifice the critical Weber number Wey > 2 and Froude
number Frya, > 0. 37 have to be reached. Although the upper
limit for secondary particle formation can be described for bub-
bles and drops with the same laws the mechanism of secondary
particle formation is totally different due to the deviation in
density differences. This will be explained in the following section.

Bubble Formation in the Jet Bubbling Regime

At high gas throughput the particles are formed at the orifice
that rapidly, that they follow each other directly and apparently
forming a “gas jet”. With high speed imaging Rabiger [18] was

first able to show that single primary bubbles were created at the
orifice even at very high gas throughputs. The diameter of this
primary bubbles increases with increasing throughput (see
Fig. 4, [1]). For higher critical Weber- and Froude numbers
(see eq. 13 and eq. 14) the momentum of the liquid accelerated
by the breaking bubble-tail leads to a fragmentation of primary
bubbles above the orifice into multiple smaller secondary
bubbles (see Fig. 4, [2]).

The primary as well as secondary bubble diameter increases
with increasing gas throughput whereas the equation for calcu-
lating the primary bubble size (eq. 2.1) are still valid. In jet
bubbling regimes the secondary bubble diameter at single ori-
fices is calculable according to Brauer [19] by

W€N7K2

dB,Sek = dN -0.72 - FTN1/6; (
FT’N

) >675 (15)
crit

where Brauer distinguishes the transition between bubbling
regime and jet bubbling regime with the critical relation
between Weber number Wey x and Froude number Fry due to

We 2
( EN.K > = 675.
FrN crit

2
wn - dn o pi
o

(16)
The Weber number

WEN,K = (17)
is calculated with the density pg of the continuous phase.
When perforated plates are used for technical application
the interactive forces between bubbles formed side-by-side
induces a strong shear field above the plate. For approximately
Wey > 6 this shear stress leads to a secondary bubble size that is
independent of the Weber number but depends on the hole
pitch £[14]. According to Klug, the liquid displaced by the rising
bubbles flows back between the bubble chains and induces an
increasing shear stress with decreasing distance between the
chains. Therefore, the secondary bubble size of air bubbles
formed in water decreases with decreasing hole pitch t. For
higher viscosities the smaller hole pitch promotes coalescence

10 System: water — air
dy=1mm, ¥ — = N
= Bubbllng regime Vc =0cm/s /
£ ° A Primary bubbles
g ®\/A//
@ L—A ;
T 0
: iy
S 120 mm
@ |
S @ [
@ PN
| —A Secondary bubbles
A
6 OOO
— Jet bubbling regime @
5
° 10 15 20 25

Weber-number

L4.1. Fig. 4. Diameter of primary and secondary bubbles at a single orifice [14].
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and larger secondary bubble sizes [14]. Under the assumption of
force balance between surface tension and shear stress

12 o 12 Tw

Cwk Px - WR - dp  Cwi Pg - Wi

+1 (18)

Klug is able to calculate the secondary bubble size for perforated
plates. As Klug investigated also the influence of an overlaid
liquid velocity, he used the relative velocity w, between gas- and
liquid phase w, = wg — wr as the reference parameter. For the
determination of the shear stress Klug assumes that the bubble
chains are raising in separated virtual channels with the distance
of the hole pitch. Assuming wall attachment of the liquid at the
channel walls the shear stress is calculable due to

w,?
8

(19)

T:CW,R'pK'

with the drag coefficient Cyy the laminar flow regime

C = 20
W= o (20)
as well as the turbulent flow regime
c 0.3164 (21)
WAR T Reg?.25

is predictable. The Reynolds number inside the virtual channels

is given by

Wy - dh Pk
Nk

ReR = (22)

with the hydraulic diameter of the virtual channels due to

d = \"/§-t2—§~d32
"3 (t—dp) 2 dy

(23)

For the drag coefficient of a sphere the equation according to
Brauer [19]

(24)

is applicable. Because the calculation of equation 18 is only
possible by iteration, Fig. 5 and Fig. 6 gives a more convenient
possibility to estimate the bubble diameter graphically.

The criteria for the flow regime is given by the coalescence of
the primary bubbles directly above the orifice. According to
Mersmann heterogeneous flow at perforated plates occurs if
the hole pitch t becomes

2\ 1/6
t§2.7~dN(WN) .
gdn

Additional to the hole pitch ¢ the volume of the prechamber
is important because at low gas throughput the pressure inside the
prechamber is constant and defines the bubble size [7]. Whereas,
for small gas throughput the particle size increases with increas-
ing prechamber volume, particulary Tadaki and Maeda had

(25)

shown with several experimental results that at a critical dimen-
sionless gas throughput of Wey x -Fry™ °>10 the bubble size is
independent of the prechamber volume [20].

Due to the wide distribution of particle diameters in the jet
bubbling regime very different relative velocities occur that

Secondary bubble size at perforated

7.5 plates for jet bubbling regime [14]
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L4.1. Fig. 5. Size of secondary bubbles for perforated plates at high
gas throughput (We > 5) for liquids with different viscosity.
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L4.1. Fig. 6. Size of secondary bubbles for perforated plates at high
gastroughtput (We > 5) for liquids with different surface tension.

causes strong interactions of the particles. For coalescing sys-
tems this causes coalescence and redispersion during the rising
of the bubbles with a wide bubble size distribution above the
perforated plate. The diameter of a gas bubble that is just still
stable without breakup is given by the force balance between
buoyancy and surface tension according to Mersmann [11]

g
dpmax = 3,/ :
" Ap-g

(26)
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For liquids with low viscosity up to ng = 3 mPas the Sauter-
diameter can be estimated roughly by

ds3y = 0.6 - dp pax- (27)

For a more precise description of an apparatus operating in jet
bubbling regime population balances have been developed that
uses different classes of bubble sizes taking coalescence, redis-
persion, and convection into account. For a more detailed
description of population balances the readers are referred to
the work of Lehr [21].

Drop Formation by Jet Desintegration

Because drops detach slower from orifices than bubbles due to
the smaller density deviation at higher throughputs, multiple
drops merge to a single liquid jet. Thereby the periodically
changing force balance during the particle formation process
leads to a dynamic fluctuation of the jet shape and an instability
at the tip of the jet where the jet disintegrates. The length of the
jet increases with increasing throughput to a maximum until it
decreases again due to the increasing forces of inertia. Whereas,
for a liquid throughput too low for the maximum jet length all
droplets show an uniform size for higher throughput with
decreasing jet length the drop size distribution gets wider [22].
The drop size decreases with increasing length of the jet until the
jet reaches its maximum length. This interesting case for indus-
trial application with maximum specific surface area occurs for
a liquid throughput of the perforated plate that is twice the
critical liquid velocity w,,;; according to equation 13 and 14

2.0
Pp-dn

WN =2 Wejr =2~ (28)

The minimum drop size for that velocity is given by Ruff
[13] due to

Ap gdn? Ap g dy?
Apin = dy [ 23073y |ZLEDN ) for [ZPEEN 95
g g

(29)

respectively.

2.3 Apgdy’
dpin = dy | ———=—=| for |[=E2L>22. (30)
1+ /ApgadN

For any liquid velocity wy the Sauter-diameter dss, is calcu-
lable by Ruff [13] with the empirical correlation

2
N 4 0.709 - (WN )
Werit Werit

3 4
—0.114 - (WN) +0.00629 - (WN) )
Werit Werit
(31)

whereas dp,,,;, is given by the minimal particle diameter accord-

dssy = dp min - (2.319 —1.669 -

ing to equation 29 and 30.

In technical processes usually the dispersion of liquids takes
place with perforated plates in the jet disintegration regime, where
the coalescence and redispersion should be calculable according to
Mersmann with the Sauter-diameter ds;, due to equation 27.
A higher reliability is only reachable by calculating a representa-
tive particle diameter for the apparatus with population models.
Example 1:

As solvent for the extraction of penicillin butyl acetate has to be
fed into the fermentation broth via 50 glass capillaries with an
inner diameter of dyy = 2 mm each. Therefore, a high throughput
is necessary but the shear stress should be as low as possible to
prevent any damage to the microorganism. What is the maxi-
mum throughput and what average drop diameter occurs?
Thermophysical Properties:

Fermentation broth (Penicillium chrysogenum) [7]:
px = 1000 kgm>; n = 0.29; K = 1.85Pas Solvent (Butylace-
tat) [22]: pp = 880 kgms;nD = 0.74 mPas; ¢ = 0.0135 Nm™!
Answer:

To assure a defined but low shear stress the dispersion should
take place in the regime of periodic drop formation. From the
limiting load at the beginning jet decomposition Wey = 2 the
maximum throughput of a single capillary is calculable by

2-0

=0.124ms™".
dn - pp

Verit = (32)
The volumetric flow rate is given by the orifice diameter of a
capillary due to

Ve =3.89-10 7m’s (33)

and the maximum acceptable volumetric flow rate inside the
column is given by

Vp=70Lh" " (34)

The particle diameter at periodical drop formation is calculable
according to Mersmann by eq. 6. The parameter for the graphi-
cal solution is given by eq. 9-11 due to

c =333, (35)
dp,
P — 207 and (36)
dPo
d
" —0.61. (37)
dPn'
With this data the dimensionless diameter of
dp
— 2 38
. (39)

is metering from Fig. 3 which gives an particle diameter of

dp = 10.32 mm. (39)

The iterative calculation of the force balance due to eq. 6 gives a
particle diameter of dp = 10.86 mm.

Example 2:

For the biological treatment of process water an activated sludge
tank is aerated through a static disperser (perforated plate with
1000 orifices, diameter of orifice dy = 0.7 mm, hole pitch ¢ =
8 mm) with pressurized air. The viscosity of the broth is rising
with cell growth up to total solids TS = 5g/L. The coalescence of
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bubbles in process water is inhibited. How does the bubble
diameter change for a constant gas flow rate of V, = 32m/h
if the static pressure is negligible? How does the secondary
bubble size in process water without biomass change, if the
surface tension is changing due to surface active agents from
0 =72.8mN/m to ¢ = 40 mN/m?

Thermophysical Properties:

Process water without biomass [9]:

Ne = 1mPas; pe; = 998kg/m’;
pp; = 1kg/m’; 61 = 0.0728 N/m

Process water with biomass:

Ny = 2mPas; pe, = 1003 kg/m’;
ppy = 1kg/m’; 65 = 0.0728 N/m

Answer:
Because the velocity in each orifice is wy = 23 m/s and

Iop g (Ap)"*
dy D—(—) =0.61<232 and Wey=5.1 (40)
0 \Pp

the perforated plate is operating in jet bubbling regime. Accord-
ing to Klug [14], the secondary bubble diameter in process water
without biomass for a hole pitch of + = 8 mm can be estima-
ted from Fig. 5 to dp ~ 6.7 mm. Because of cell growth and
increasing viscosity the bubble diameter is decreasing down to
dp = 6.3 mm. Figure 6 shows that a reduced surface tension
causes for the hole pitch of t = 8 mm and ¢ = 40 mN/m a
secondary bubble size of approximately dg = 5.1 mm in com-
parison to dz = 6.7 mm in process water without surface active
agents added.

3 Movement of Bubbles and Drops

After the formation process of single particle at orifices the
buoyancy or weight force leads to an acceleration of each
particle until force balance between all forces acting on the
particle is reached. Whereas the equations for calculating the
force balance acting on solid particles are also applicable for
fluid particles, the flexible, deformable surface induces some
additional effects that have to be taken into account for
moving particles. Because of the complex interaction between
flow field and particle form, due to compressibility and den-
sity difference of the dispersed phase the drag coefficient is not
predictable with a general law. In dependency of the particle
diameter the terminal velocity of particles and drops may be
either monotonic increasing or increasing with a distinct
maximum.

This diversity of the dependency between drag coefficient
and Reynolds number for single particles is shown in Fig. 7.
Because the dependence is influenced by the ratio of viscos-
ities and densities of both phases as well as the mobility of the
interface, usually the calculation of the drag coefficient is
carried out with empirical correlation for separated intervals
of the Reynolds number. Whereas fluid particles behave like
solid particles within the first Reynolds number interval (see
Fig. 7, A), for particles with moving interface the internal
circulation leads to a lower drag coefficient (Fig. 7, B). The
viscosity of the dispersed phase determines the momentum
transfer inside the particle and causes the difference between
drops and bubbles. In this Reynolds number interval, the mo-
bility of the interface is strongly effected by surface active agents
as well as interfacial mass fluxes (due to Marangoni convection)

—_—

Drag coefficent C,,, .

Bubbles

Solid particles

Reynolds-number Rep =

L4.1. Fig. 7. Schematic drawing of the drag coefficient in dependency of the Reynolds number for solid particles, drops and bubbles

according to [23].
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which may cause the same behavior for bubbles than that for ~ with the logarithm of the modified liquid-number (reciprocal
drops and rigid spheres. The third interval (Fig. 7, C) is domi-  to Morton-number)

nated by deformation and oscillation of drops and bubbles that 0.0\ p

causes a higher drag coefficient than for rigid spheres. This is log (K FAP) = log ( - ) A_; (43)

. : , g-nt
caused mainly by the higher pressure drop of nonspherical ] o ] ] ]
allows the convenient estimation of the terminal velocity of single

drops and bubbles and is easily transferable to other usual forms
of diagrams (compare for e.g., [28]). For a more detailed estima-
tion it has to be emphasized that the transition regimes e.g.,
between drop oscillation and bubble deformation are depicted
only very roughly in Fig. 8. Furthermore, there is no possibility

shapes visible by the characteristic vortices in particle wakes.
Dependening on the Reynolds number ring-vortices or periodi-
cally forming and detaching vortices occur that force the parti-
cles on zigzag, helical or irregular rising pathes. The change in
the moving direction causes a reduction of the perpendicular
part of the rising velocity, which leads to an increasing drag
coefficient. Recent publication shows that the wake shedding is
not only eminent for the ascending trajectory [24, 26], but also
for mass transfer performance and selectivity of chemical
reactions due to the influence of bubble wakes on the mixing
efficiency [25-27]. Whereas drops in the Reynolds-interval
(C) above a critical diameter disintegrate into several frag-
ments, bubbles change first into an irregular shape and with
further increase in the Reynolds number into a Taylor-Bubble
shape (Fig. 7, C). In this regime the drag coefficient keeps 3,1 Movement of Single Drops

almost constant at Cp = 2.61. Mersmann developed an overall

description for a rough estimation of the terminal velocity of  pe to the above mentioned phenomenology of particle behav-

single bubbles and drops independent of the Reynolds-inter-  jor 4t free ascending drops it is reasonable to describe the drop
val and applicable for Newtonian and partly for non-Newto- 1, ovement in the three regimes

to take into account separately the different influences of e.g.,
surface active agents on the particle movement in the different
regimes. Because the consideration of the local phenomena acting
on single particles becomes more important concerning the pre-
cise calculation and design in process engineering, the calculation
of the terminal velocity for drops and particles will be discussed
separately in more detail in the following Sect. 3.1.

nian liquids (Fig. 8).

The notation of the ordinate with the dimensionless velocity ~ ® rigid interface

e internal circulation

2 e oscillation
Vr* =v,- 3 pifA — 3/ReD “Fr = {/f] (41)
\/ Ne-8-Ap more precisely. As useful dimensional number to describe this

circumstances the Archimedes number

dp’ - g-p. - Ap
2

in dependency of the dimensionless particle diameter
A Ar =
dp' = dp- ([P0 Ay (42) e

n? B has been established.

(44)

10° iiii“i i ; H-HH —— .
I / 1 isaes ?
o | no/nc — 0, circulatiing spheres ay _ fo/fic = =, regid spheres. .. 7H
= 14 y4ilh N L
% Jpl\\ o "“ /4’
2 log K= 12 AT <] 7
— ] e o /
aa — e Lt
Q 7 N T al
= 10 NGRS T4
1} ~~ Aha
% 8 h"';"‘::. | 12
= 101 /'-“"‘“- - P
2 i ' y S aee 10—
_8 6.1 A< 7 =1 Np/Me — 0, spherical caps T
2 y w7 T8
7 4 s —6
2 2 || Mt
2 A B 4
w
5 / A0
10° - ;
10° 10’ 10? 10° 10*

Dimensionless particle diameter d* = dp(p.gAp/n2)'"°

L4.1. Fig. 8. Dimensionless local relative velocity of bubbles and drops in dependency of the dimensionless particle diameter [8, 11].
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Section A: Ar < 1.83 - KS:ZE

In this regime, valid for very small droplets, the interface
of the particles is assumed to be rigid. Therefore, the laws
for rigid spheres are applicable with the drag coefficient
Cuoo = 24/Rep to

1
Rep = 178'Ar‘

Section B: 1.83 - K{7» < Ar < 372.9 - K{37°

(45)

Above a distinct drop size and therefore drop velocity, the
increasing shear stress at the drop interface induces an internal
circulation of the drop. Within this regime dominated by the
friction force, the drag coefficient decreases in comparison to
the rigid sphere down to C,, = 16/Rep and is calculable with
the Reynolds number due to the empirical correlation

Rep = K%, <Ar0‘523 KRGS - o.75>. (46)

according to Blass [29].
Section C: Ar > 372.9 - Kg;iif

With further increasing drop diameter, the flow around the
drops forces a deformation and oscillation that leads to an
increased drag coefficient. The relative velocity and Reynolds
number increase slightly in this regime with increasing drop
diameter until they decrease. As empirical correlation, Blass
recommends the equation

Rep = KU, (4.18 CAPOBL R0 0.75). (47)
for the calculation of the Reynolds number [29].

The upper limit in this regime of drop movement is deter-
mined by the stability of the particles, because from a distinct
particle diameter the forces acting on the droplet causes the defr-
agmentation into small droplets. According to Mersmann the
probability for a sufficient stability of fluid particles decreases if

Wep A
2P S g, (48)
Fr pp

As the drag coefficient shows a minimum at the beginning
of drop oscillation, the calculation of the optimum particle
diameter is eminent concerning the design of apparatus, reac-
tors, and plants (e.g. for the calculation of the flooding point of
a liquid-liquid column). This particle diameter with a maxi-
mum relative velocity is calculable with the intersection between
the curves of equation 46 and 47 to

2 1/3
. ) ) K%%F

49
pe-Ap-g #9)

dP(vm.,x) =7.186 - (
The above mentioned equations 46 to 49 have been developed
by Blass [29] for the design of extraction columns and are
applicable for a viscosity of the continuous phase of 7, <
5-10Pas [29, 30].
For liquids with viscosities of 7. > 5:107>Pas and/or non-
Newtonian rheological properties the empirical equation of
Mersmann [31]

v — Vr.dp max v R pz 1 1.75 ( )
e W *Vredpax —E(_*) 50
LR SO ne-Ap-g\dp

with the velocity of the largest stable droplet of

Jo-Ap - o Ao -
Wr dp e = 155+ o—,zog and dp =dp - M
o pe e
(51)

gives an adequate solution [8, 12].

The equation by Mersmann is in good agreement with

experimental data [32] because the drop oscillation that would
not be satisfactorily predictable with equation 51 is damped
down anyway to 1. > 7 -10">Pas [18]. Further description of
the particle behavior in higher viscous and non-Newtonian
liquids is given in [2]. Basically, all empirical equations have
been derived out of measurements with more or less pure
systems. Therefore, the equations are not taking into account
specific impurities of the continuous phase such as surface
active agents that accumulate at the interface, prevent surface
agitation, and increase the drag coefficient. Furthermore, the
nonequilibrium of forces may induce interfacial convection that
can reach an eruptive character (Marangoni convection), and
therefore, influences the drag coefficient of drops strongly [33].
Example 1:
In a spray column pentachlorethane is used as extracting solvent
in water and dispersed with a perforated plate (orifices diameter
dy = 1.5 mm). What drop diameter is necessary to reach a
maximum relative velocity between drops and surrounding liquid
and how large is the reachable relative velocity with this drop size?
Thermophysical Properties for Pentachlorethane/Water:

n, = 0.95 mPas; p, = 998 kg/m’; 7, = 2.03 mPas;
pp = 1674 kg/m’; ¢ = 0.0424 N/m

Answer:

The drag coefficient of a single drop reaches a minimum
with onset of oscillation. The associated drop diameter is calcu-
lable with equation 49 to

2 1/3
R 0.0917
dpiy 1 =7.186 [ —<—) .K 52
P(Winar) ( PRYE g> FAp (52)
with

K P O-i P (53)

FAp = 7~

P gt Ap

follows Kga, = 1.41 - 10'° and thus dp(maxy = 3.15 mm. This
value is in good agreement with experimental data [29]. For the
determination of the relative velocity the graphical or calculable
solution is applicable.
a) Graphical solution:

For a drop diameter of dp = 3.15 mm the dimensionless
drop diameter dj is calculable by using equation 42 due to

3P 8- Ap

ds=dp- =612 (54)
U
as well as equation 43
3
P p
log(Kpa,) = lo ( < —E) = 10.1. 55
2 (Krap) = log i Ap (55)
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Figure 8 shows a dimensionless velocity of v* ~ 11 that
enables the calculation of the terminal velocity of a pentachlor-
ethane drop with equation 41 to

pz -1/3
vy = v ——r =0.203 ms". (56)
S (m g Ap)
b) Calculated solution:
With the Archimedes number
Ao - &> -
Ar =82 % Pe_559.10° (57)
U
and the assumption
1.83 - KXy <2.29-10° < 372.9 - Kpy» (58)

it becomes clear that the drop of pentachlorethane with a
diameter of dp = 3.15 mm is just rising with internal circulation
and without oscillation. Therefore, equation 46 is applicable
due to

0.15 0.523 | 1-—0.1435
Rep = KY5, (409 K517 — 075) = 7153, (59)
With Rep = 715.3 the terminal velocity of v, = 21.6 c¢m /s is in
good agreement with the graphical solution considering the
reading accuracy. Furthermore, a very good agreement with
experimental data of Blass can be achieved [29].

3.2 Movement of Single Bubbles

Analogous to the behavior of moving single drops the relative
velocity of single bubbles is dominated by the shape, whereas
the influence of impurities and surface active agents is usually
more important due to the larger difference in density and

negligible inertia of the gas phase. For the characterization
of bubble shapes the differentiation according to Peebles and
Garber has been established [34] with four different general
shapes (Fig. 9).

The change in bubble shape and flow field around the
bubble occurs relatively sudden if a critical characteristic Rey-
nolds number is passed. This depends on the properties of the
continuous phase. With the dimensionless liquid number K as
well as the Reynolds number of the bubble Rep, due to

pc-63 Rep = Vr - dB P

kp =
gt N

(60)

the calculation of drag force and terminal velocity is possible for
different gas/liquid systems classified into four characteristic
regimes (Fig. 9). For the graphical presentation of the results
the normalized plot according to Mersmann [11] with the
dimensionless velocity (equation 41) depending on the dimen-
sionless particle diameter (equation 42) allows a clearly
arranged differentiation between different gas/liquid systems
by means of the dimensionless liquid number 43. Furthermore,
the scope of validity of individual equations can be metered
directly at the abscissa by using the Archimedes number because

dy = VAr. (61)

Section A: Ar <7, Re < 0.2

Gas bubbles with an Archimedes number of Ar < 7 and a
low rising velocities (Re < 0.2) are dominated by surface tension
and therefore almost spherical. They are rising without internal
circulation rectilinear (Regime A, not depicted in Fig. 9). Anal-
ogous to the sedimentation velocity of solid particles, the ter-
minal bubble rising velocity for this range of diameter

A ; B T I D
102 : - 1 r Ll N |
T 1] 11 ] 1
2 : HHHHHH =" -
N : NN R
3 ’ QD i
b 1 |
2 : :\w- : ,-/
=y ] [l 1 d
i ' log Kc - 1K l 1 //’
1 1

*; 1 ‘ |\\ 1
2 10! . , A —
%’ i (D\ /1 B
; o : \ Z /( : ," :
8 : /1 Lee 1T
5 ! S’ N
o« 1 [l s ]
S : : ™ log K,=5
o . / X ;

3 | /] : :

10° 10 10? 10° 104

Dimesionless particle diameter d* = dp(p,gAp/n2)'"°

L4.1. Fig. 9. Dimensionless local relative velocity of gas bubbles in dependency of the dimensionless particle diameter [19, 34].
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is calculable according to the drag law of Stokes with
Cuwoo = 24/Rep due to

1
VRep - Fr =2 Ar?P (62)

[19].
Section A*: Ar < 7.2, Rep > 0.2

For a distinct terminal rising velocity that strongly depends
on impurities inside the gas/liquid system (e. g., Rep > 0.2 [19]),
the interface begins to move. Therefore, the drag coefficient
decreases according to the correction factor of Hadamard-
Rybczynski [35]

Np

lc
s (63)

c

KHRE

for an air/water system and the ratio of KLHR = 1 the corrected
drag coefficient Cyy, 4+ is given by
24 1 16

= (64)
ReD KHR ReD

Cya+ =

respectively [36]. Therefore, the dimensionless terminal velocity
of bubbles with moving interface is calculable by

1
Vv/Rep - Fr = o Ar?3,

(65)

For low Morton-numbers (e. g., for water) the minimum drag
coefficient of a single bubble can be estimated to

Cw Amin = 11.1 - Re” 7! (66)

according to Maxworthy et al. [37].
Section B: 7.2 < Ar < 125 - Kp»

With increasing Archimedes number, the forces of inertia be-
come more dominant and the drag coefficient is calculable by
the empirical equation

14.9

Cwp= W (67)

due to [38] and [39] (see interval B in Fig. 9). The validity of this
equation depends on the liquid properties and can be defined by
the dimensionless liquid-number. The dimensionless terminal
velocity is calculable by the empirical correlation

V/Rep - Fr = 0.136 - Ar*42%

within this range of Archimedes numbers [19].

(68)

Section C: 125 - Ki» < Ar < KP®

With further increasing Archimedes number (section C),
the increasing forces induced by the flow around the particle
cause a deformation of the bubble interface to a spheroid. This
deformation depends strongly on the liquid properties. The
increasing cross-section of the flattened bubble in the flow
causes an increasing pressure drop that induces spacial and
temporal fluctuating vortices at the rear side of the bubble
(wake shedding). The vortex shedding causes a cyclic change
in the orientation of the main bubble axis and induces a tum-
bling or helical rising trajectory. Because the terminal velocity is

defined as the vertical part of the rising velocity vector, this
tumbling or helical movement causes an decreasing terminal
velocity with increasing tumbling or spiraling intensity despite
the particle diameter increases. Peebles and Garber [34] used the
empirical correlation

Rep - Fr =1.91-K}/®- Ar1/6

for the description of their experimental results. The drag coef-

(69)

ficient within this range is calculable by

1.332
Cwe=—F—

Fr (70)

Section D: Ar > 22.6K2?

For Ar > 22.6K}° gas bubbles in water are rising with an
irregular shape (Fig. 9, D) as “spherical cup bubbles” or
“Taylor-Davis-Cup bubbles.” The terminal velocity is calculable
according to Brauer [19] with

VRep - Fr = 0.714 - Ar!/® (71)

whereas, the drag coefficient within this range reaches the con-
stant value of

Cwop = 2.61. (72)

For Newtonian liquids with low viscosity the helical rising
trajectory leads to an decreasing terminal velocity, whereas, for
increasing viscosities (approximately n¢ > 7 mPas) the shape
fluctuations are damped down and hence rectilineal trajectories
occur [11, 18, 40, 41].

This dependency is considered with the dimensionless fluid
number that decreases with increasing viscosity and diminishes
the range of ellipsoidal bubbles. For dimensionless liquid num-
bers Kp < 104, the fluctuations of the bubble shape are fully
damped by viscous forces [36].

Previous empirical correlations for a sectional calculation of
the terminal velocity are well suitable to understand the physical
interdependencies between bubble size, trajectory, and terminal
velocity in pure systems. For the practical use their applicability
is not convenient due to the dimensionless notation. Fan [42]
published an empirical equation that uses a continuous func-
tion that is much more easy to use in process engineering. Fan
connected the sections of different moving behavior in such a
way, that for small bubble diameters Eq. 62 respectively Eq. 65
dominates, whereas for medium size and large bubbles the
equation given by Mendelsohn [43]

2-0 g-dgp

_|_
pc‘dB 2

v, = (73)
gets an increasing influence [42].

Regarding the parameters k; which considers the dynamic
surface tension, k, which takes into account impurities of the
system, and k; which describes the mobility of the interface, Fan
recommends the empirical equation

Wec
\V Fr

2

—ky/2q" ke

+

—k,

KY* Wey 2.k

YWer - Fr = -
¢c r < k3 FT' +

7|5
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According to Fan the dynamic of the adsorption of surface active
agents depends on whether it is used in a pure system (k; = 1.2)
or a multicomponent system with impurities (k; = 1.4). Whereas,
the parameter k, was experimental determined by Fan for sev-
eral systems (table 1) the parameter k; is calculable due to

for ks >12 ks =Kk} K3 (75)

fOI' k3 S 12 k3 =12 (76)

with an acceptable reliability. The additional parameters are
ki = 14.7 for water and aqueous solutions and k3"= 10.2 for
organic solvents. According to Fan, the scope of validity for the
above mentioned equation is 107> < Ky < 10'? with an accuracy
of—6% to +9% for 20 different Newtonian liquids. Despite
the fact that Fan’s equation is not able to fit the form transitions
satisfactorily (section B — C, section C — D) its application is
recommended especially for non pure systems, because the para-
meters have been adapted to a large variety of systems (Table 1).

For the detailed description of single bubbles rising in
non-Newtonian liquids only a few investigations have been

performed on shear thinning liquids like aqueous carboxyl-
methyl-cellulose (CMC-solutions) or viscous aqueous poly-
acrylamide (PAA-solutions) and aqueous glycerine solutions
[18, 46, 47]. In highly concentrated CMC-solutions the terminal
velocity increases with increasing bubble diameter due to a recti-
linear trajectory, although strong fluctuations occur in the bubble
shape. Therefore, highly concentrated CMC-solutions cause a
more uniform movement of bubble swarms until no further
coalescence occurs. Contrary to the uniform behavior of bubbles
rising in CMC-solutions in viscoelastic PAA-solutions, an un-
steady jump appears at a distinct bubble size [47, 48]. The reason
for this sudden five to ten times increase in terminal velocity is
mentioned by the higher mobility of the interface when surface
active agents are sheared off or by the shear thinning effect of
the PAA-solution. Furthermore, Starke has shown that the elas-
tic properties of the liquid affect the bubble shape strongly and
cause a significant reduction of the drag coefficient [47].

Hence, mainly the dimensionless plot of Mersmann is prac-
tically applicable for the calculation of the terminal velocity in
non-Newtonian liquids (see Fig. 8).

L4.1. Table 1. Physical properties for different liquids and constants k;, k5, ks for the calculation of bubble terminal velocities by Eq. 74 [42]

d,-range mm

hot tap water 989 0.56 68.1 3.09-107 "2 0.3..24 - 40.2 1.2 0.6
tap water 998 0.98 726 237-107" 0.4..25 - 37.2 1.2 0.8
distilled water 998 1 72.7 256107 " 0.3..63 376 +7.0| 37. 1.2 16
methanol 782 0.52 21.8 8.84-10" 0.4..7 28.1 24.6 1.2 16
cold water (filtered) 999 1.47 74.8 1.09-107'° 0.5..18 339 35.1 1.2 16
0.42% glim in water 1000 1.03 328 3.13-10°1° 0.2..6 - 338 1.2 0.8
varsol 782 0.85 245 445.1071° 0.2..16 2324+27| 23. 14 16
terpentine 864 1.46 27.8 241-107° 0.3..6 207 +1.8| 217 14 16
53% glycerine in water’ 1135 6.86 70.3 55-1078 1..10 - 27.7 1.4 1.1
56% glycerin in water 1143 9.15 69.9 1.75-1077 12.4 - 26.6 14 1.1
66% glycerine in water' 1170 154 68.1 149-107° 1.1 - 245 14 1.3
62% corn syrup in water 1262 55 79.2 143-10* 04..5 203 + 08| 20.6 1.4 1.6
80% glycerine in water’ 1206 52.9 65.9 222-107* 1..12 - 20.2 14 1.5
68% corn syrup in water 1288 109 79.9 2111073 04..7 202+ 06| 186 1.4 1.6
mineral oil 866 58 20.7 14510~ 2 0.5..30 120 £ 06| 12 14 16
glycerine? 1260 157 63.2 1.87-1077 35..14 15.9 17.1 14 1.6
Caster oil® 953 376 38.8 3.52 6..25 15.8 12 14 16
glycerine? 1270 1960 63.6 443 107 7.5..29 13.7 12 14 16
corn syrup? 1380 4580 86 491-10° 4.26 134+£07| 12 14 16
corn syrup? 1380 10380 95.6 9.44 . 10* 8..23 123405 12 14 1.6

'data from Kubota et al. [44]
2data from Kojima et al. [45]

L4.1. Table 2.

dist. water/air 0.001 998 0.0727 3.91-10" 10.59 42.74 14.00 0.30
tap water/air 0.00098 998 0.0726 422-10" 10.63 43.32 14.00 0.30
aqueous glycerine/air 0.00915 1143 0.0699 5.68-10° 6.75 10.70 5.00 0.21
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Example 4:

What is the terminal velocity of a gas bubble with a diameter of
dg = 2 mm in distilled water, tap water, and a 56% aqueous
glycerine solution?

a) Graphical soluion:

The parameter for the graphical solution are given in
(Table 2).

Due to the graphical solution it becomes clear that small
differences in the viscosity and surface tension are difficult to
read from the diagram. Therefore, similar values of the terminal
velocity have to be used for distilled water and tap water despite
of the fact that experimental data shows a significant difference
between the terminal velocity of gas bubbles in distilled and tap
water [42]. Furthermore, the terminal velocity in aqueous glyc-
erine solutions is predicted much too high.

b) Calculated solution (in sections):

125 - 226 -

0.5 1
K

Ar KF0.25

Re-Fr v,ms~

45.10°
46-10°

56-10*
5.7-10*

7.8-10%
8.1-10%

4932.39
5022.67

0.36
0.36

dist. water/air

tap water/air

The calculated solution considering the different sections of
bubble movement shows a significant higher terminal velocity
for distilled water and tap water. Furthermore, a distinction
concerning the purity of the gas/liquid system is not possible.

The terminal velocity of a single gas bubble rising in viscous
liquids is calculable with a good accuracy.
¢) Calculated solution (according to Fan):

(We -
k, k, ki We-Fr' Fn®?® vyms’
dist. water/air | 1.2(1.6(37.14 0.54 1.75 0.287
tap water/air 1.2]0.8|37.25 0.54 1.28 0.210

Because the parameters for Eq. 74 have been adapted exper-
imentally to a large variety of systems the consideration of
surface active agents is possible with high accuracy. Therefore,
the different terminal velocities in distilled water and tap water
are well calculable. The comparison with experimental results
shows a good agreement [42]. If the slope of the velocity curve
in dependance of the particle diameter changes sharply like in
the transition regimes (Fig. 9), the equation of Fan is less
accurate. For higher viscous liquids in which the regimes for
different moving behavior merge more smoothly the equation
of Fan is a reliable approximation.

For the practical use of the above mentioned methods in
process engineering it should always be considered whether
surface active agents or higher viscosities are present. Whereas,
for pure systems with low viscosity the calculation should be
performed for each section of moving behavior, for

contaminated systems and higher viscosities the method by
Fan provides more accurate results.

4 Symbols
Phase
C = constant
Cwk |- drag coefficient of a single sphere
Cwr |- drag coefficient for an annular
pipe flow
dg m bubble diameter
dn m hydraulic diameter
dp m particle diameter
H - dimensionless diameter
dpmin | M minimal particle diameter
dpmax | M maximum particle diameter
dn m diameter of nozzle/orifice
dp, m bubble diameter with dominating
viscous forces
dpr m bubble diameter with dominating
inertia forces
dp, m bubble diameter with dominating
surface tension
ds3> m Sauter-diameter
Fa N buoyancy force
(P N viscous force
Fr N force by inertia
Fy N force by surface tension
g ms 2 gravitational force (= 9.81 ms=2)
K (Pas)" consistency factor
n - exponent / flow-index
t m hole pitch
v, ms™! velocity of the liquid phase
VG ms™! velocity of the gaseous phase
Verit ms™! critical velocity before jet disintegration
Vn ms™! velocity in the orifice
v, ms™! relative velocity
vy ms™' dimensionless relative velocity
Vi dPma ms™! relative velocity at maximum particle
diameter
Ve m? volume of particles
v, m? volume of liquid phase
Vo m3s1 flow rate of the dispersed
Vosc |m3s™" flow rate of the dispersed phase through a
single capillary
° contact angle
s shear rate
ep particle hold up
19 Nm™! surface tension
Ap | kgm™3 density difference (Ap = |pc — ppl)
oc kgm—3 density of the continuous phase
op kgm—3 density of the dispersed phase
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Nc Pass viscosity of the continuous phase

b Pass viscosity of the dispersed phase

Neff Pass effective viscosity

Tw Nm~—2 shear stress inside the virtual channal

Dimensionless numbers:
Archimedes number

dy - g-pC-Ap

Ar =L 77
e 77)
Froude number
2
v
Fr = L 78
dp -g 7
Froude number (particle formation)
2
v
Fry = —N 7
N TN g (79)
Modified Froude number (particle formation)
2 p 5/4
E =—I— (2 80
T (AP) (80
Reynolds number of the dispersed phase
o d -
Rep = 22" Pc (81)
Nc

Reynolds number in the virtual channel according to Klug [14]

R
Rep = Yro G- Pc (82)
Nc

Dimensionless liquid number

53
Modified dimensionless liquid number
3
Pc 0" Pc
Kpa, = 26~ FC 84
MY g e Ap N
Weber number of the dispersed phase
2 dy -
Wep = 22" Pp - Pp (85)
Weber number of the continuous phase
24
Wee = 2 Fc Pe (86)
Weber number for particle formation
2 4o
Wey = NN Pp (87)

g
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1 Introduction

Foams are produced when a gas is introduced or desorbed in
a liquid which contains detergents. Pure liquids are non-
foaming. The gas is dispersed into bubbles. A solution capable
of foaming is a solvent — in most cases it is water with a high
surface tension & = 72.4 mJ/m? or 72.4 107> N/m at 25°C — with
surface active agents which lead to a remarkable reduction of
the surface tension. These detergents are more or less concen-
trated in the surface where an adsorption layer with the thick-
ness of roughly one molecule diameter is formed.

The molar mass of strong surface active agents (detergents
or tensides) is in the range of some hundreds of kilograms per
kilomole (kg/kmol). The length of the hydrocarbon chain is
between 1 and 5 nm with a hydrophilic functional group in
the case of aqueous foams. When the molar mass of the deter-
gent is too small, and the hydrophobic chain is too short,
foams are not stable. However, if the molar mass assumes very
high values with the consequence of low diffusivities of the
surface active agents the detergent is only slowly enriched at
the surface. This also leads to poor foam stabilities.

Gas can be introduced into the liquid by rotors (stirrers etc.)
adjusted at the principal gas-liquid interface, falling drops, or
spargers below the liquid surface. Bubbles can also be produced
by depressurization and/or heating of a liquid which contains
dissolved gas. The introduction of a gas leads to primary foams
with bubbles in the diameter range of some millimeters. As a rule
their liquid hold-up is small. Primary foams can be transformed
to secondary foams by foam breakers. In secondary foams the
liquid hold-up is high and the small bubbles are in the microm-
eter (um) range. As a rule the objective of foam breaking is to
form secondary foam with a high density and the ability of a
certain flow in a gravitational field. This can be achieved if the

8 Minimum Speed of Mechanical Defoamer............ 1260
9 Volume Reduction of Foams ...............ccceeuuu.. 1260
10 Collapse of FOaAmS .....ooovvvvvviiiiiiiiiiiiiiinnnnens 1261
11 Irrigation of FOams ...........covvvviiinnnnnnneennnen. 1261
12 Symbols.....ccoovviiiiiiiiiiiiiiiiiiiiiiiiiiiieen, 1262
13 Bibliography.........cccovvvvviiiiiiiiiininnineeeeensn. 1263

mean bubble diameter is reduced to 50-100 um by means of a
power input. The specific energy in Joules per kilogram (J/kg) or
square meters per square seconds (m?/s?) increases with the
square w,’> of the tip speed w, of a rotor. A minimum tip
speed is necessary to start the mechanical destruction of prima-
ry foams. The density and the flow ability of secondary foams in
a gravitational or centrifugal field increases with the tip speed of
a rotor. The destruction of foams by the addition of chemicals
(chemical destruction) is not considered here.

2 Detergents

According to [1] and [2] detergents can be

Anionic
Cationic
Non-ionic and
Amphoter

In Table 1 a survey of typical data and structures of the deter-
gents CTAB, Mersolate, SDS, and Triton are given (see Table 1).
These detergents have been investigated in research (see Fig. 1).
All these substances can be characterized by their ability to
reduce the surface tension of water in the concentration range
between 10~* and 10~ mol/dm’. In Fig. 2, the surface tension of
aqueous solutions valid for 25°C is plotted against the concen-
tration. Long-chained detergent molecules are adsorbed in a
more flat structure (the chain is parallel to the surface) for low-
concentrated solutions; however, with increasing concentration
the hydrophilic groups are attracted by the water molecules at the
surface whereas the hydrophobic tails form an adsoption layer.

In the case of a quick and strong stretching of this layer in
combination with a remarkable reduction of the Gibbs surface
concentration I' according to
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L4.2. Table 1. Properties and data of some tensides

molar mass CcMC Surface concentration Area of a molecule
Tenside Type kg/kmol kmol/m3 mol/m? nm?/molec
N-Cetyl-N, N, N- cationic 346,46 1-102  [39-10° 0.4275
tnmethylammoniumbromide (CTAB)
Pentadecan-sulfonacidsodium salt anionic 314 2-10°  |56-107° 0.2965
(Mersolat H 95)
Dodecylsulfate (SDS) anionic 288,38 3.1073
Octylphenolpolyglycolether non-ionic 648,38 44-10" |44-10°° 03773
(Triton X 100)
CH,
@ ©
CH,~CHy~CH,~CH,~CH,~CH,~CH,~CH,y~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,—N—CH, Br
CH,
o @
CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,~CH,-SO; Na

o @
CH,~CH,—~CH,~CH,~CH,~CH,~CHy~CH,~CHy—CH,~CH,~CH,-0-S0O, Na

L4.2. Fig. 1. Structure of some tensides (see Table 1).

ads ¢ do
" RTda  RTdc
a transport of tenside molecules, or a so-called Marangoni flow
to spots with high surface tension is started. This leads to a
healing process of the adsorption layer with the result of a
remarkable elasticity and stability of foam lamellae. The surface
concentration I' is proportional to the negative slope of the
surface tension with respect to the activity, and decreases with
the absolute temperature T. In diluted solutions the activity is
often approximately the same as the concentration; however, in
general there can be great differences. Above the Critical Micell
Concentration (CMC) micells or molecule clusters are formed.

3 Properties of Primary Foams

Primary foams can be characterised by their

Density ps
Volume fraction ¥} of the liquid or ¥ = (1-¥}) of the gas
Density p;, and viscosity 1 of the lamella liquid

The mean layer thickness s between bubbles in a gas in liquid
dispersion

e The lamella thickness 6 and the radius rp of a Plateau
channel of a polyhedric foam

e The volumetric interfacial area a and
The Sauter diameter dp 3, = Z md’ 1T nd?

Based on the definition

6(1—y1) _ 6Y¢

a=———-"—"

dg 32 dg 32

of the volumetric area and the definition of the mean layer
thickness s according to

s=
a
the relationship
Vi o PSP g Sy O
L=y 1—ps/pL  dps dp 32 + 65

is obtained valid for pg<<p1.

In Fig. 3, the mean Sauter diameter dp 3, of foam bubbles is
plotted against the volume fraction W with the mean thickness
s of the liquid between two bubbles as parameter [3]. Many
experimental results have shown that the mean thickness s of
aqueous primary foams is in the range between 10 and 20 pm
and usually below 30 pm. In the case of primary foams



1256

Bubbles and Drops in Technical Equipment

100
md/m2 1 Lamella with adsorbate layer
907 bt A L b
1 » » o— - o~ ] pX

80 L, . T o RS ‘\7};%%

70w a L e i
o  S—— P NN P oy —phobic

oS .  hydro—

5 60- e \{’('u.._ J) —philic
2 i . Q\-\.,.
& 50+ A % "o
3 1 e \3
g 40 ..
3 5] ega

801[T=25°C

204 B N-Cetyl-N,N,N-trimethylammoniumbromid

|| ® Mersolat H 95 CMC|
10 - |© Dodecylsulfate
1|a Triton X 100
0 T T M| T MR | R | N ey
1076 105 1074 10° mon 1072

Concentration ¢
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L4.2. Fig. 3. Mean bubble size dg,3;, against the liquid hold-up ¥
with the layer thickness s as parameter.

with large bubbles but a small liquid hold-up (¥, < 0.1) and
6s < < dps, one obtains Y;dps, =~ 6s. This means that
the liquid hold-up increases approximately with a decreasing
mean bubble diameter. Therefore, the objective of mechanical
foam breaking is to reduce the bubble diameter to a higher
degree or to release most of the gas into the bulk gas volume

The mean thickness s decreases with increasing foam age in
a gravitational or centrifugal field because of the drainage of
lamella liquid. In the beginning of drainage the bubble diameter
remains constant; however, the foam density and the volumetric
liquid hold-up are decreasing.

An apparatus is considered (e.g., a bubble column) with the
cross section area f. Primary foam is continuously produced by a
gas flow rate density ¥ in m’/(m’s). The density of the foam
decreases with the residence time 7 of the foam in the apparatus:

Vs Vsl
VS V(,f

In this equation Vs is the foam volume and Vs is the
volumetric foam rate (see Fig. 4). With respect to the drainage
effect the values of the foam density and of the hold-up increase
from the top to the bottom of the foam in the column. A foam
with a high liquid hold-up can be obtained when small bubbles
are produced in the liquid. This can be done by means of a gas
distributor with hole diameters below 0.5 mm and volumetric
gas flow rates smaller than 75 = 0.05 m?>/(m?s).

4 Structure of Primary Foams

The structure of a gas in liquid dispersion in a bubble-foam
column is dependent on the ratio of the volumetric gas flow rate
based on the rising velocity wg of a single bubble in an extended
quiescent liquid with a low viscosity [4]:

wp o 1,557 —sz)g
L

Here ¢ is the surface tension of the liquid and py its density.
The structure can be predicted when a bubble/foam column
is equipped with a perforated bottom plate with small holes
(<0.5 mm) and the condition

.l'/
-<£<0.2
wa

is fullfilled. Above the distributor a gas/liquid dispersion is
produced with the gas hold-up g < 0.52. Above this layer
the hold-up of the gas is between 0.52 and 0.74 (cellular foam of
bubbles with a maximum size dg*(p;, — pG)gla < 9). At the top
of the column polyhedric foam can be found with g > 0.74
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(see Fig. 5). The volumetric hold-up of the gas at the bottom of
the column is approximately

Ve

_ v/ ws
1+K1'/G/WB

with K & 1.3 for low viscous liquids and K ~ 2 for viscous
liquids. The cellular foam in the bottom layer is transformed to
polyhedric foam at the top due to drainage. In polyhedric foams
the gas within the foam bubbles is surrounded by thin lamellae
with the thickness 6 (approximately 50 pm) and the Plateau
channels with thicknesses > J. The basis of always three lamellae
with opening angles of 120° is the Plateau channel with the
radius rp (see Fig. 6). The cross section area Ap of a Plateau
channel for rp > > J is
Ap = 0.161r§,

and the radius rp is approximately

P =4/ 084[//Ld}3

Since the liquid hold-up gets smaller with increasing height
as a result of drainage this is also true for the radius rp and the

Lamella

Plateau channel

L4.2. Fig. 6. Cross section of a vertical Plateau channel.

area Ap. At the height hy which is equal to the rising height in a
capillary the radius rp is
o

pL8hK

p

and the radius in an arbitrary height h of a polyhedric foam
layer with the total height /i, and the mean liquid hold-up v, is
given by

a

o=—"
' PLg(h - htot‘//L)

As a rule the radius p is between 0.1 and 1 mm for aqueous
foams.

Based on equations presented in the next section many
authors have developed models for the prediction of drainage
phenomena such as the reduction of the lamella thickness [7, 8],
the liquid hold-up ¥ [9] with increasing height, or the liquid
overflow in the case of separations in foam columns. According
to Hartland [7] the thickness of a lamella as a function of the
height is given by

(i)™ dy”

s (pr8)" (ah)*””

The number Cj takes into account the flow condition at the
surface of a lamella. C5; = 0.71 is valid for rigid surfaces which
have an effect like solid walls; however, Cs is smaller in the case
of mobile surfaces. The lamella thickness 0 is between 30 um for
“young” foams and 0.1 pm for foams after complete drainage.
According to the last equation the thickness 6 — 0 is expected
for h — oo; however, in lamellae with thicknesses below 100 nm
van der Waals forces as well as electrical and steric repulsion
forces are important [13].

Besides the pressure difference App; between the Plateau
channel and the lamella the pressure p4 according to

An

pa= 6md°

as a consequence of the van der Waals forces is effective for the
thinning of a lamella. The Hamaker constant Ay is often in the
range between 107" and 107*° J for many liquids [14].
Contrary to these attracting forces electrical and steric re-
pulsive forces are effective. If the lamella thickness is more than
1 nm and the electrical double layers are not interfering each
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other the electrical repulsive force based on the unit area of a

lamella is [15]

2
ze0ly 1

pa = 64nkTe | — XL
6(230'//0 + 1)
kT
with n as the number of ions per unit volume of the double

layer, o as the surface potential and 1/x as the Debey-Hiickel
parameter according to

1/ = (e:eok T/ (Y (ze9)*n)) ">

In the case of large molecules the steric separation pressure
is pg = pstoexp (=0/1) with the reference pressure pst0 valid for
0 = Iy as an empirical length which depends on the size and the
structure of the detergent molecule under discussion.

The drainage of the lamella liquid into the Plateau channels is
finished when the pressure in a lamella is the same as in the channel:

AppL + pa = pel + Pst

Since the electrical and steric repulsion forces grow faster with
the lamella thinning than the attracting forces (always based on
the unit surface area) an equilibrium thickness &~ will be obtained.
This thickness is often in the range between 10 and 100 nm and is
dependent on the kind and concentration of the detergent mole-
cules. In the absence of any disturbance (evaporation, percussion,
etc.) the lamella may stay stable for a very long time.

5 Drainage of Polyhedric Foams

A mechanical foam breaker can be applied in order to reduce
the volume of primary foams to a higher degree; however, a
complete separation into the two phases, gas and liquid, is
nearly impossible. The decay of foams is started in a gravita-
tional or centrifugal field by the drainage of the liquid present in
the lamellae and in the Plateau channels. The drainage time #p, 1.
of a lamella with the thickness J,, at the beginning to the final
thickness 0 depends on the ratio of the surface force to the
friction force within the liquid in the Plateau channels:

A Lrpdin (11
Dr,L — o 26 52 5; ’
The quantity ¢ depends on the kind of the detergent and is
in the range 0.1 < ¢ < 4 [3]. After a certain drainage time the

thickness ¢ is 6 < 1/3 J,, with the result that the last equation

can be simplified:
o T @ ’
bl ™20\ s )

Very thin lamellae are obtained after #p,; — oco; however,
evaporation and/or percussions may result in a breakage of a
lamella. Contrary to the time fp, of lamellae the drainage of
Plateau channels is dependent on the ratio of gravitational or
centrifugal forces and friction forces within the liquid. The flow
velocity wp of the liquid in a Plateau channel is given by

2
pPLE
cp—.

L

WwWp =

The constant ¢p is in the order of magnitude of 107 [3, 5].
Based on the very simple assumption that a Plateau channel
with the length Lp is emptied by a liquid flow with the charac-
teristic mean velocity wp the order of magnitude of the drainage
time of a Plateau channel is

L Ley
tDr,P N — ) 5
we  rripLg

or with the equation derived for the liquid hold-up v,

1.25Lpn, 125 Lpny

e dzpLg - ?GSdBPLg
In any case the qualitative result is: The higher the foam

Iprp <

layer and the more viscous the liquid the longer is the decay
time. This separation time can be reduced by the use of a
centrifuge. In this case the gravitational acceleration must be
replaced by the centrifugal acceleration rw* with @ as the angu-
lar speed and r as the effective radius of the foam layer in the
centrifuge. This has been confirmed by experimental results [5].

6 Bubble Growth by Diffusion

Since the pressure in small bubbles is higher in comparison to
adjacent large bubbles a diffusion of gas through the common
liquid lamella takes place. As a result the diameter of small
bubbles decreases with the tendency dg — oo for + — oo and
the size of large bubbles increases with time. This increase of
large bubbles from the starting size dg , to the diameter dy after
the time ¢ is given by [3]

/ oDy
dg = 1/ d? t.
B B * B (SHC,'

The quantity ¢z depends of geometrical parameter (curva-
ture, contacting area) of the bubbles and according to Gutwald
[3] it is g = 12. Dy is the diffusion coefficient of the gas in the
lamella liquid and the Henry coefficient He, is defined by

bi

Xi

He;

with the partial pressure p; of the gas component i and x; as its
mole fraction. The diffusion time
5He,~

2 2
Ipif = (dB,w - dB,a) m

necessary to enlarge a bubble from the size dj 4, to the size dy g, is
the time necessary in order to change a secondary foam into a
coarse foam with the tendency of breakdown. This time is long
for thick lamellae and high Henry coefficients and is reduced by
strong diffusivities. Gas diffusion is decisive for the collapse of
foams when the lamella thickness is below 1 pm. During diffu-
sion a permanent breakdown of foam bubbles takes place,
however, it is difficult to predict this breakage.

7 Bubble Size in Foams

It has been shown that the times necessary for the processes of
drainage and diffusion are dependent on the bubble size and
increase with the hold-up ¥y, of the liquid. According to Fig. 3
the approximation Widp ~ 6s is valid. In the following the
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prediction of the mean bubble size is discussed. In the case of
rising bubbles in a quiescent low-viscosity liquid in a gravita-
tional field ((pr — pg) g= Apg) the maximum stable bubble size
is given by
45 max4P8
19

with Cg ~ 9 for the bubble Reynolds number [4]

= CB7

wedppc
Nc

The mean bubble size is dgso ~ (0.5 ... 0.7) dpmax. In a
turbulent flow field the bubble size decreases with increasing
fluctuation velocities u',7/, and w'. In the case of coalescing fluid
particles (pure liquids, especially no detergents), the particle size

> 300.

depends of the local specific power input &. With the macroscale
of turbulence, A, this quantity is

valid for isotropic turbulence. The bubble size dy is
0.6
a
dy = G, 06504
C
As a rule the mean specific power input ¢ is applied because
the parameter A and Cs are difficult to determine. In a system
with a rotor with the diameter D (stirrer in a vessel, rotating
foam breaker) in a cylindrical volume with the diameter T'and
the height H the mean specific power input is

_ 4Ne [/ D*\w
E=—r1 .
nt \T*H) D
Ne is the Newton number (0.5 < Ne < 5) and wy, is the tip speed

w, = 1 and with 7 as the rate of rotation. The last equation can
be transformed into

ds . s\ G s \06
—= =—|—5=—] or
D b w2Dp; 2 \n?D3p,

o 0.6 D 0.4 o 0.6 1 0.6
weal) () e () G
oL W oL Wu

The quantities Cp and Cp'depend on the ratio ¢/&, which is
dependent of the geometry but difficult to predict or to determine.

This means that the bubble size decreases with the exponent
0.6 of the specific energy w,” in m*/s” = J/kg. For a given system,
for example, geometry (geometry of the rotor and its diameter)
and a given gas in liquid dispersion such an interdependency
has been often confirmed experimentally.

In Fig. 7, the mean bubble size dp; is plotted against the
square of the rotor tip speed for different foams after a first destruc-
tion process realized by shear [3]. The experimental results are valid
for a certain rotor-stator system (D = 300 mm; T = 634 mmy;
stator plate with 48 mm holes drilled on a radius of 130 mm).
The rotor speed in the figure refers to the radius 130 mm
because here the shear process of the foam bubbles takes place.
This shearing results in a size reduction of the bubbles from 1 to
0.3 mm valid for w,> = 1,500 m*/s® and an increase of the liquid
hold-up Y (see Fig. 3). The partially broken foam is further
destructed by an impingement effect, for example, the foam is
crashed into the side wall of the chamber. The mean bubble size
is reduced from dp; to dg, (see Fig. 8). Now the square w2 is
calculated with the rotor diameter D according to w, = mnD.
In all cases the reduction of the bubble size depends of the
square w,’. However, Triton foams can be continuously des-
tructed at 100 m?/s* whereas the foams of the other detergents
need approximately 2,000 m*/s” for the same size reduction. (In
the literature many diagrams can be found in which the size of
fluid [22] or solid [23] particles is plotted against volumetric or
specific energy in the range from 10” up to 10° J/kg.)

In the case of a continuous destruction of a foam mass flow
VspLyy the specific energy must be continuously added as
specific power which can be provided by a rotor. The mean
bubble size based on the rotor diameter D decreases with the
exponent —0.6 of the Weber number. This has been experimen-
tally confirmed for CTAB and Mersolat foams [3]. In the Fig. 9,
the ratio dg/D is plotted against the Weber number for coalesc-
ing fluid particles [16]. In addition, the size of non-coalescing
bubbles in foams after the passage of a foam breaker is shown
with dp; obtained after only shearing and dg, after an addi-
tional impingement effect [3, 5]. The different behavior of
foams with the long-chained detergents CTAB and Mersolate
on the one hand and Triton foams on the other hand indicates

Shear

CTAB
Mersolat
Triton

1 S~
_mm ] _ S
& ] V. in cm/s
N {1 [0:520.87]1.22
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(o] 1|
€ =" o A
= 1=
:6 O
) 1=
o °
_g Plm e A
S 112
o
g 5

£| o o A
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0.1
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108 m2/s? 104

Square of the tip speed w2

L4.2. Fig. 7. Mean bubble size dg ; after a shear process against the square of the tip speed.
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that the property surface tension ¢ is not sufficient to describe
the foam-breaking process.

8 Minimum Speed of Mechanical
Defoamer

Many experiments carried out in industrial and scientific
research have shown that the volume of primary foams can be
remarkably reduced by rotors of different geometries. Some-
times the foam is passing channels in radial or radial/axial
direction or contacting a rotor with blades. In all cases the
foam is stressed by shear, stretch, and/or impingement forces
(see Fig. 10). Blade stirrers applied in agitated vessels are easy to
manufacture and can be very effective. The decisive mechanism

vg = 0.87 cm/s
c=CMC
12-Blade agitator

Shear and
impingement

Mean bubble size dg ,
o
1

e Mersolat

A Triton

0.01

10? 108 m2/s2 10*

Square of tip speed w?

L4.2. Fig. 8. Mean bubble size dg, after shear and impingement
against the square of the tip speed.

of foam breaking is the repeated disruption or opening of gas
bubbles with the result that a great deal of the gas is removed
from the bubbles and transferred into the bulk gas without the
formation of a new bubble. The shear, stretch, and/or impinge-
ment rate should be very high in order to avoid the healing effect
of lamella holes by Marangoni flow. The spreading velocity wy, of

a hole is
20
WL =\
opy

and increases inversely with the lamella thickness. The greater
the difference Ao of a lamella spot with and without an adsorp-
tion layer the greater must be the tip speed in order to introduce
the rupture of the lamella. According to these considerations the
minimum tip speed w, mi, can be derived [3]:

IZKIAG(dB — d&x)
Wy min = 2
dg oy

with K’ = 1 for non-ionic detergents and K’ = 2 for ionic
tensides. The diameter dpx is the minimum size of a foam
bubble deformed by shear, stretch, and/or impingement
forces. The deformation degree (dg — dpx)/dg =~ 0.5 has been
experimentally determined.

With K’ = 2 and (dg — dg x)/dg = 0.5 the minimum tip speed
is given by

Ao
dpr oy

By this way the velocity wy min = 15.7 m/s can be calculated
for the data Ac = 40 mJ/m?, p, = 1,000 kg/m’, y; = 0.001, and
dg = 2 mm for a “dry” aqueous primary foam.

Wa,min ~ 3.5

9 Volume Reduction of Foams

As a rule the objective of foam breaking is the effective volume
reduction of primary foams to such a degree that the secondary
foam is flowing in a gravitational field. This requires high foam
densities or liquid hold-up and, consequently, small bubbles in

B2
shear and
impingement

shear

1075
3 Fluid
3 coalescing
— particlas
-1 in liquids
1024
o 3
o 3 &
© ]
2 E
o
T 10°g
E OCTAB
4 © Mersolat
7 ¥ Triton
10_‘1 T LELBLLRLL LB RLLY
10’ 102 10?

T T 11T T T TTTIT

104 10° 108 107

Weber number We=r? D° po~' = (1/7%) w2 Dp o~

L4.2. Fig. 9. Ratio dg/D against the Weber number for foams and coalescing fluid particles in liquids.
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L4.2. Fig. 10. Rotating foam breakers; P Primary foam, S Secondary.

the secondary foam (see Fig. 3). This is the case when the size of
the bubbles in low-viscous liquids is below 100 pm. In Fig. 11, a
mechanical foam breaker with a triple effect is shown. At first
the bubbles are stretched above the holes and then further
deformed by the blades. This impingement effect is repeated
on the chamber wall because the foam is accelerated in radial
direction. By these effects the bubble size dy of the entering
primary foam is at first reduced to dp; and then further to dp,,
In the case of a tip speed of 40 m/s (34.7 m/s at the centers of the
holes) and the properties p; = 1,000 kg/m’ and Ag = 40 mJ/m?
aliquid hold-up of W1 = 0.15 and a bubble size of dg ; ~ 100 pm
has been obtained as a result of shear effects above the holes and
stretching by the gas flow. Caused by the additional effect of
impingement on the chamber wall a secondary foam with y; ~
0.5 and dg , ~ 30 pm has been produced. It is important to note
that the thickness of the liquid film on the wall should be below
1 mm, otherwise drops can be introduced with the result that
adhering gas penetrates into the secondary foam and its liquid
hold-up is decreased.

In Fig. 12, the liquid hold-up ¥y of secondary foams is
plotted against the tip speed for CTAB foams of different deter-
gent concentrations [3]. The lower the concentration of the
lamella liquid (here as the manifold of the CMC) the higher is
the density of the secondary foam. Above the tip speed of 30 up
to 40 m/s it is difficult to reduce the bubble size and the liquid
hold-up remains nearly constant. However, in the case of other
detergents the hold-up can be quite different for the same
geometry and operating parameter (see Fig. 13). The density
of secondary Triton foams is much higher for the same tip speed
and concentration because the stability of this foam is much
lower than for the ionic long-chained detergents CTAB and
Mersolate.

10 Collapse of Foams

The drainage of lamellae followed by gas diffusion from the
small bubbles to the bigger ones and finally the coalescence of
bubbles leads to the collapse of a stagnant foam layer. In Fig. 14

Secondary
foam

Primary foam

L4.2. Fig. 11. Mechanical foam breaker [3].

= Concentration ¢
% 0.8 1 0.2 CMC
g 0.64 CMC
g 0.6 4 1.0CMC
< 2.0CMC
S
3
2 0.41 mjor flowability
3
2 021 CTAB
T V5=87-10"m/s

0 v T T T T T T T T

0 10 20 30 40 m/s 50

Tip speed w,

L4.2. Fig. 12. Liquid hold-up of secondary CTAB foams against the
tip speed.

the bubble diameter is plotted against the time for CTAB foams
with ¢ = CMC. After approximately 200 s the drainage with dp ~
constant is finished. Then the diffusion accompanied by bubble
collapse lead to an enlargement of large bubbles at the expense
of smaller ones which finally disappear. After 10* s the final size
of dg ~ 3 mm is obtained regardless of how the foam has been
produced. The polydisperse gas in liquid system breaks down
and is finally separated in the gas and in liquid phase.

11 Irrigation of Foams

Principally speaking foams can be destroyed by falling or
sprayed solvent drops. (The addition of a component with a
low surface tension can be very effective) [18, 19]. A breaking of
foam can be obtained if the degree of stretching and deforma-
tion of the bubbles within the foam is sufficient. A doubling
of the surface of an originally spherical or polyhedric bubble
in combination with a velocity of 5 m/s can be effective for
foam breaking. The final falling velocity of 5 mm drops with
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Gs constant according to Hartland
5 C constant
> . €
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E 0.8 I v d diameter (m)
L dy bubble diameter (m)
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5 dp 1 bubble size after shear (m)
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3_? ’ c=CMC D diameter of a rotor (m)
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L4.2. Fig. 13. Liquid hold-up of secondary foams against the tip h height (m)
speed. hx rising height in a capillary (m)
Beot total height (m)
H height of a vessel (m)
10" 60 He Henry coefficient (Pa)
mm ; A i o mm k Boltzmann constant (J/K)
] Drainage ! Bubble collapse fl_f_f_uicT i K, K’ constants
4 i ///’ - — 50 L sterical length (m)
. i s at Hoys = L length (m) ,
£ 1004 . g n number per volume (1/m”)
o ] /I} L n rotating frequency (1/s)
g ] i E Ne Newton number
1 [
3 1 ! ° p pressure (Pa)
2 | : % r radius (m)
§ 107" 5 i ° R gas constant (J/(mol K))
] i z s mean layer thickness (m)
- -
1 : 10 t time (s)
| / ! CTAB T temperature (K)
i ¢=CMC T diameter of a vessel (m)
1072 e O u turbulent fluctuating velocity (m/s)
10’ 10 10° s 10° v’ turbulent fluctuating velocity (m/s)
Time t ) volumetric flow density or mean velocity (m’/(m” s))
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L4.2. Fig. 14. Bubble size dg against the time. e volumetrie flow (ms/s)
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happen that gas is entrained by the drops with the result that e r‘1smg velocity of a bubble (m/s)
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the foam is stabilized. Therefore, irrigation can be problematic.

Sometimes the foam breaking is achieved by impingement of We Weber nur.nber
horizontally moving jets. x mole fraction (mol/mol)
z valency
r Gibbs surface concentration(mol/m?)
0 lamella thickness (m)
12 Symbols A difference
€ specific power input (W/kg)
activity (mol/m’) g mean specific power input (W/kg)
a volumetric interfacial area (m*/m>) £ permittivity (C/(Vm))
A Hamaker constant (J) € relative permittivity
A cross sectional area (m?) n dynamic viscosity (Pa s)
c concentration (mol/m?) K Debye-Hiickel parameter (1/m)
B constant according to Gutwald A macro scale of turbulence (m)
» C)  Constant I density (kg/m?)
cp constant according to Gutwald o surface tension (J/m?)
Cs constant according to Mersmann T residence time (s)
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W volumetric hold-up (m*/m?)
v mean volumetric hold-up (m*/m?)
Y, surface potential (V)
w angular speed (1/s)
Indices
B bubble
c continuous phase
d dispersion
Dr drainage
Dif diffusion
el electrical
G gas
i component i
max maximum
min minimum
st sterical
L liquid, lamella
P Plateau channel
S foam
o starting state
W final state
* equilibrium
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L4.3 Droplet Separation
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1 Introduction

1.1 Mechanisms of Droplet Formation

Mists or spray may be generated by a number of processes,
such as condensation, chemical reaction, entrainment from
column internals (trays, packings), spray nozzles, or the flashing
of superheated liquids. The size distribution of the spray
depends on the mechanism of droplet formation. The physical
properties of gas and liquid influence the droplet size distribu-
tion as well. Liquids with lower surface tension or viscosity tend
to produce rather smaller droplets. Typical ranges are shown
in Table 1.

1.2 Key Factors for Separator Selection and
Design

Before starting to select or to design a droplet separator it is
essential to be aware of the following key factors:

e The amount of liquid and the size of the droplets, which
shall be removed

The type of flow in the separator’ inlet (see ® Subchap. L2.1)
The allowable amount of liquid in the gas stream leaving the
separator

The allowable pressure drop

The presence of solids or salts, which may lead to plugging
Tendency of the liquid to foam

Material of construction

There is a great variety of different droplet separators. The most
commonly used types are gravitational separators, often in
combination with wire mesh elements, wave plate separators,
and cyclones.

A comprehensive description of all kinds of droplet separa-
tors can be found in the work of Biirkholz [1]. For additional

4  Wave Plate Separators............oovvvvvvennnnnnnnn. 1267
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6 Bibliography .........cooviiiiiiiiiiiiiiiiiiiiiiiia, 1269

practical advice on the selection of mist eliminators, the works
of Fabian et al. and Ziebold can be referred to [2, 3].

2 Gravitational Separators, Flash Drums

The maximum allowable axial vapor velocity in vertical flash
drums equipped with wire mesh demisters can be estimated by
using the Souders—Brown equation [4, 5]:

w= k(m)o's, (1)

PG

where the coefficient k is in the range of 0.05-0.11 m/s. For
higher pressures it is proposed to reduce k according to the
percentages given in Table 2.

Equation (1) is purely empirical. The resulting limit droplet
diameter is often in the range of 200 pm (and 50 pm for
separators without wire mesh).

To avoid surprises, it should be checked which limit droplet
size will result. This can be done by using Newton’s law for the
limit droplet size:

. 3pgoww?
4= LW
4(pL — Pc)g

whereas ¢y = 0.5 for spherical droplets, if the Reynolds number

(3)

(2)

_ ped’w
Ule

Re

of this limit droplet is bigger than 1,000. If this should not
be the case, Eqs. (22) and (24) can be applied if the
centrifugal acceleration z is substituted by the gravitational
acceleration g.

The pressure loss of the wire mesh pad is normally in the
range below 250 Pa, the wires having diameters between 100 pm
and 300 pm. This is sufficient to separate droplets 3—10 pm with
an efficiency nearly 100%.
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L4.3. Table 1. Typical ranges for droplet size distributions

Mechanism Size (pm)
Condensation and chemical reaction ~0.1-25
Two-phase pneumatic nozzles ~1-200
Entrainment, flashing liquids, and single-phase ~5-1,000
pneumatic nozzles

L4.3. Table 2. Adjustment of k [5]. Combine the single percentages
in case more than one criterion applies, e.g., use 80% x 50% = 40%
for a flash drum without wire mesh operating at 40 bar

Adjustment of k, % of design value

Pressure | Atmospheric | 100%

10 bar 90%

20 bar 85%

40 bar 80%

80 bar 75%
Glycol and amine solutions | 60-80%
Separators without wire 50%
mesh demisters
Compressor suction 70-80%
scrubbers

If mists with droplet diameters lower than 3 um are to be
separated, fiber beds can be used. Their pressure loss ranges
between 1,000 and 3,000 Pa (Fig. 1 shows a typical vertical
separator).

3 Cyclones

The calculation of cyclones for droplet separation is similar to
the calculation of cyclones for the separation of solid particles,
which is described in detail in @ Subchap. L3.4. Therefore, this
chapter deals only with those topics in which liquid and solid
separators differ.

3.1 General Description

Figure 2 shows a cyclone for droplet separation. The liquid
loaded gas stream is sent to the cyclone via a tangential pipe
inlet. A part of the liquid flows as a film along the pipe wall into
the cyclone, whereas the other part is distributed as droplets
in the core.

The centrifugal forces caused by the rotational flow within
the cyclone act on the droplets and force them toward the wall.
There the liquid flows in the form a film or single threads
toward the bottom of the separator. A cone prevents the already
separated liquid from getting sucked back in the core of the
rotational flow, which may happen due to the underpressure
prevailing there.

RIS 100-300 mm

min. 300 mm

07D

min. 300 mm

|

L4.3. Fig. 1. Vertical separator with wire mesh pad of typical
dimensions.

Near the cyclone’s upper shell a boundary layer is formed.
As in this boundary layer the circumferential velocity is low, the
gas and liquid in this layer are not subject to the centrifugal
forces of rotational flow and can flow directly to the dip pipe in
the center, where the static pressure is lower than on the outer
diameter. In order to prevent the thin liquid from creeping in
thin threads toward and into the dip pipe, it makes sense to
install a collar, which redistributes the liquid in the form of large
droplets to the main flow within the cyclone [6].

A very first check of the separation efficiency can be made
using a simple empirical equation developed by Biirkholz [1]
using experimental data obtained for cyclones with outer dia-
meters of up to 100 mm:

r(mm)

d*(um) = 1.7<Ap(mbar))l/3. (4)

The results of this equation fit only for cyclones with r,/h; <
0.25 with the exact calculation. The influence of liquid load and
its limit is not taken into account.

Applications of cyclones as liquid separators range from
standardized units such as steam dryers to customized solutions
such as separators in emergency relief systems [7].

Instead of the tangential inlet shown in Fig. 2 axial inlets can
be applied as well. In this case the rotational flow is effected by
means of guide vanes, which are arranged concentrically around
the dip pipe.
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L4.3. Fig. 2. Cyclone for droplet separation, schematic:
1 - tangential pipe inlet, 2 - collar for liquid redistribution,
3 - additional collar for high liquid loads, 4 — cone.

With highly efficient internals in the dip pipe, which regain
the angular momentum of the gas flow, it is possible to reduce
the cyclone’s pressure loss by a factor of 4. This closes the gap to
wave plate separators, which when compared to cyclones have a
lower pressure loss.

Cyclones are insensitive even against highest liquid loads. As
their wall is increasingly wetted and rinsed from the inlet toward
the liquid outlet, they are also well suited if solids with up to
30 g/l are present in the liquid. According to Muschelknautz and
Herold [8], the inlet can be designed with sloped boxes in a way
that all parts of the wall are completely wetted. The upper shell
and the dip pipe, which tend to stay dry, can be cleaned with a
few spray nozzles and clean or lightly contaminated liquid. The
secondary flow along the upper shell drives the liquid with
increasing film thickness toward the center and the dip pipe.

3.2  Calculation of the Flow

The flow, which enters the cyclone via the tangential inlet, is
pressed to the wall by the radial pressure gradient, contracts,
and accelerates. This is described by means of a contraction
coefficient

o= (tete)/(thata) (5)

L4.3. Table 3. Contraction coefficient o for inlets with circular cross
section and a ratio diet/ra = 0.64 as a function of the liquid load in
the entrance p,

lhe 0 0.1 1
o 0.69 0.7 08

which depends on the quotient of the inlet diameter d;., to the
outer radius r, and on the liquid load

e = S (6)

of the flow entering the cyclone. The entrance radius r, is
Te =T — dinlet/2 (7)

Table 3 shows experimentally obtained values for the contrac-
tion coefficient.

By means of a balance of angular momentum the circum-
ferential velocity along the radius of the dip pipe is calculated as
[9, 10]:

U

u = ﬁ . (8)
T2
By means of experimental tests with a cyclone model of 900 mm
diameter and liquid loads up to 1 kg/kg, the dependence of the
wall friction coefficient /; on the liquid load was determined.
Due to liquid trickling along the wall, the wall friction coeffi-
cient increases compared to the friction coefficient for pure gas

/0> as given in © Subchap. L3.4:

AL =J0(140.4u"). (9)

Normally, cyclones are designed in a way that the pressure loss is
in the range between 500 and 2,500 Pa. The calculation is
carried out according to © Subchap. L3.4. With highly efficient
internals in the dip pipe, which recover the angular momentum
of the flow, the pressure loss can be reduced to by a factor of 4.

3.3 Separation Efficiency

The turbulence of the gas flow in the cyclone does not suffice to
carry unlimited amounts of liquid. Directly after entering the
cyclone the amount of liquid exceeding the load limit separates
from the gas and flows down along the cyclone’s wall. This is the
reason why the total separation efficiency increases for higher
liquid loads (Barth [11]).

As it was shown by own experiments, the load limit of liquid
separators lies only in the range of 10-35% of comparable dust
cyclones, the reason being that droplets cannot re-enter the gas
flow once they are separated as solid particles can do. As a liquid
film, which was already formed in the pipe feeding the separa-
tor, does not influence the load limit mechanism, and the
calculation is based not on the total liquid load in the cyclone’
feed pipe but instead on the liquid load in the core of the flow
He o which is the quotient of the droplet mass flow to the mass
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flow of the gas. According to the experiments with mean droplet
diameters in the range of 60-190 um in the gas feed and liquid
loads in the flow’ core in the range of 0.01-0.5, the load limit ug
can be calculated by means of the following empirical equation:

(10)

%

fte = 0.0087 ( de > (10p1)*
d50

with

k=0.07 —-0.161n u . (11)

The limit droplet diameter d.* is calculated according to
© Subchap. L3.4. The same applies for the fractional separation
efficiency curve and for the size distribution of the droplets
entering the cyclones core flow. For liquid loads above the
load limit the total separation efficiency is calculated as

m
Nhotal = (1 - /’:—G> +‘Z_GZ77F(‘;I)ARALI'

€ I=1

(12)

When designing droplet separators it should be kept in
mind that the droplets may shrink by evaporation.
Example
Total separation efficiency and pressure loss of the cyclone
shown in Fig. 3 have to be calculated.

Operational and physical data: Vi = 0.7 m’/s; p; = 1.2 kg/m’;
ng = 18 x 107° Pa s; pp = 1,000 kg/m’ dso = 60 pum;
A, = 3.32 m% Ag = 5.69 m>.

305

I = A

o i

(=] H

NL C (=] H

[T9] H

- . ™ I

9 !
o

= H

$900
o
(=3
=
/

¢ 300

L4.3. Fig. 3. Example calculation: main dimensions of the droplet
separation cyclone.

The feed’ liquid load g, is 0.02, and the liquid load in the
core of the flow is 0.01.
Angular velocities:

= 7‘/ =10.6
Ve = Ak, =10.6m/s,
Ue = 0.02 and dj /1, = 0.64 — o = 0.69, Table 3
u, = 10.4 m/s, Eq. (5)
A= ho(1 +0.4p2") = 0.0045(1 + 0.4 - 0.02°")  Eq. (9)
= 0.0057,
u; = 22.0 m/s Eq. (8)

According to © Subchap. L3.4:

ey = 13.1 m/s; up = 13.1 m/s; z. = 530 m/s%; Ws,50 = 0.095 m/s,
di =7.6 um; d* = 6.8 pm,
k=0.81,

U =171 x 107*.

Eq. (11)
Eq. (10)

Total separation efficiency

1.71 x 10*4) (1.71 x 1074

=(1- 0.57 ) =0.9963 Eq. (12
Trotal ( 0.02 0.02 ) q ( )

The pressure loss according to © Subchap. L3.4 is
Ap = Ap;, + Ap. = 961 Pa + 107 Pa = 1,068 Pa.

4 Wave Plate Separators

4.1 Working Principle and Comparison to
Cyclones

Wave plate separators are packings of profiled plates which are
arranged parallel to each other. The gas flow is perpendicular to
the waves. Due to centrifugal forces droplets drift in the curved gas
flow toward the plates where they separate from the gas (Fig. 4).

In wave plate separators with horizontal flow the separated
liquid flows crosswise in vertical flutings downward. They are
considerably smaller than cyclones and have a lower pressure
loss (Fig. 5).

The plates at the inner side of the curve are more or less dry.
In multistage packings the curve’s outer side gets dry also
toward the outlet. This causes, even with only lightly contami-
nated liquids, e.g., in the washing towers of desulphurization
plants, crusting or fouling in the transition zone from the wet
to the dry wall. Cleaning can be done periodically with the aid of
high pressure spray nozzles.

4.2 Hydrodynamics
The already separated liquid can be forced back from the flutings
into the gas flow by a combined overpressure/underpressure
effect if the gas velocity is too high. For horizontal flow and
vertical flutings the limit is at
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Bubbles and Drops in Technical Equipment

Purified gas

U

Gas loaded with
Separated liquid

@ droplets

L4.3. Fig. 4. Schematic drawing of a vertically arranged wave plate
separator.

) in a wave

L4.3. Fig. 5. Path of droplets (- - -) and streamlines (—
plate separator.

PG
2%

100 to 150 Pa. (13)
With specially designed flutings in the lee, this limit moves up to
300 Pa (horizontal flow). Wave plates made out of thin metal
sheets tend to vibrate crosswise to the flow.

For vertical flow in upward direction, as in washing towers
of desulphurization units, the upper limit of the gas velocity is
around 5-6 m/s (1 bar, s = 20 mm and pg = 1 kg/m”’).

For other gas densities, the following formula may be used:

2
<va0> = 0.1 to 0.15. (14)
P58 max

At larger velocities the entrainment of already separated liquid
increases.

The gas flow constricts to 60% and 40% of the total cross
section as its direction changes with angles 60° and 90°, respec-
tively. This causes pressure loss.

As the width of the channels is much smaller than their
length (/s >> 5), it is not possible to recover pressure by
decelerating the flow as in a diffusor. The pressure loss for
every two direction changes or one packing element is roughly

(15)

for direction changes with o = 60°-90°. For a number of
packing elements 7 the pressure loss will increase roughly with
a factor of n'’*,

Ap = (3 to 6)p—Gv§

4.3 Separation Efficiency

Comparable to the cyclone, the separation limit is calculated
approximately with the separation area:

A=2n——r,l

16
360O (16)

It is sufficient to take average contours according to Fig. 4. [ is
the height or length of the wave plate. The volume flow through
one channel with the width s and the incoming gas velocity v is

(17)
For a separation efficiency of 50%, the following equation
applies for the settling velocity w,* of the limit droplet:
v
w = ﬁ
s A

V = Isv,.

(18)

This droplet is subject to a mean centrifugal acceleration

(19)
on its way with a radius of curvature

7= /hn.

For direction changes of o = 45°, 60°, and 90° the flow constricts
in average to 65%, 55%, and 45% of the channel width s,
respectively. Therefore, the mean angular velocity

(20)

0.65(0.55 or 0.45 respectively)

(21)

is much higher than the incoming velocity v,.
The limit droplet diameter d*~ d." is calculated according
to Stokes’ law:

18ngw;

= 22
=y (22)
The Reynolds number of this limit droplet
*d*
Re = 26" % (23)
Ue

is normally in the range of 0.5 and 2. If this number is bigger
than 10, which may be the case for a low viscosity or a high
density of the gas, Stokes’ law no longer applies. Then the
following equation, which gives a good approximation for Rey-
nolds numbers between 10 and 1,000, may be applied:

_ 43(pene)”

d: ‘
Co (e 7

(24)
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The fractional separation efficiency curve is similar to that of the
cyclone.

Normally, the liquid load of the gas entering the wave plate
separator is 0.03 or below. However, if the separation efficiency
of the first wave plate element is influenced by the limit load
mechanism as in cyclones, it is possible to use cyclone theory for
a rough estimate.

If the gas flow passes several packings subsequently, which
are arranged with a larger distance between each other, the
fractional efficiency for d.* is

np =1 —0.5¢%7(=D (25)

whereas the total number of packings is i.
The number of 0.7 in the exponent of Eq. (25) is valid only
for larger distances between the single packings and good mix-
ing of the gas flow between these stages. In case of smaller
distances and poor mixing, 0.7 has to be substituted by 0.25.
The modeling of wave plate separators with CFD simulation
is described by Wang and Davies [12].
Example
Water droplets containing 2% lime shall separate in from a gas
stream passing a wave plate separator in vertical direction. The
gas stream has ambient pressure and a temperature of 75°C.
Physical data and dimensions:

pe = 1kg/m’; ng =21 x 10™°Pas; p; = 1,025kg/m’
rn=s=0.02m; r, =2s=0.04m; o« =90°; [ =0.5m.

Equation (14) shows in which flow range this separator can be
operated:

v0:1/0.13's-g-&:5.11 m/s A~ 5m/s,
Pg

V =0.05m’/s, Eq. (17)
w; =0.8m/s, Eq. (18)
r=0.03m, Eq. (20)
dl =d" =85um, Eq. (22)
A =0.031m?, Eq. (16)
il =g5e==11.1m/s, Eq. (21)
Z=4,100m/s’. Eq. (19)

The calculation of the Reynolds number according Eq. (23)
shows that Re = 0.32 < 1. Therefore, the application of Stokes’
law has been correct.

The pressure loss according to Eq. (15) is

Ap:6p7c’v§ = 75Pa.

5 Symbols

A separation area (m?)

AR friction area (m?)

cw drag coefficient

a4 limiting droplet diameter, defined as the diameter

for which a separation efficiency of 50% is
achieved (m)
dr limiting droplet diameter near the cyclone wall (m)

dsg mean droplet diameter in the inlet (mass) (m)
dinler  cyclone inlet diameter (m)

g gravity acceleration (m/s*)

h inner height (m)

i number of subsequently arranged wave plate

elements (-)

k exponent (—)

) length of settling path along the wave plate (m)

M mass flow (kg/s)

Ap pressure drop (Pa)

r radius (m)

Ry;  cumulative weight oversize for droplets entering the
cyclones core flow (—)

Re Reynolds number (-)

s channel width of wave plate separator (m)
u circumferential velocity (m/s)

u mean circumferential velocity (m/s)

Ve gas volume flow (m’/s)

Vo velocity of the gas entering the wave plate

separator (m/s)

wy settling velocity of d* (m/s)

Wwsso  settling velocity of d) (m/s)

z average centrifugal acceleration (m/ )
Ze centrifugal acceleration (m/ $?)

o angle (°)

o contraction coefficient (-)

ne(d) fractional separation efficiency for droplet size d (-)
Nweat  total separation efficiency (-)

n dynamic viscosity (Pa s)

Ao friction coefficient for unloaded flow (=)
AL friction coefficient for loaded flow (=)

Ue liquid load in inlet (-)

Hex liquid load in cyclone center (core) (-)
0 density (kg/m?)

Subscripts

a on outer radius
G gas phase

L liquid phase

e entrance

i on inner radius
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M1 Heat Transfer to Finned Tubes
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Heat release and absorption from surfaces can be enhanced by
fins. The fins are to be placed on the side of poorer heat transfer.
Fins will be effective all the more as the ratio of the heat transfer
coefficient from the side of better heat transfer to that of poorer
increases.

Basic requirement for the following approach is an ideal
contact between the fin base and tube or surface. The shown
method has to be regarded as a first approach. It will not fit for
abnormal dimensions or extremely high Reynolds numbers. In-
dispensable for such cases is the examination of appropriate
literature and far reaching modeling related to experimental data.

A mean heat transfer coefficient has to be found and evaluated
on the base of geometrically determined consideration. Therefore,
the model cannot differentiate local changes in heat flux due to
different temperatures over the fin caused by convection.

It is assumed that the direction of fluid flow corresponds to
the orientation of the fins. Heat transfer by thermal radiation
will not be considered as well as the heat transfer on the fin’s tip
which normally contributes less to the total surface.

Design, shape dimensions, and abbreviations of finned sur-
faces are shown in Fig. 1.

1 Heat Transfer for Finned Tube

The heat flow from a finned tube is
Q = kAAOy;. (1)

Related to the total surface and the temperature gradient be-
tween both fluids the heat transfer coefficient k is given by

11,4 1+do—di @
ko A \o 22 )
Equation (2) does not include additional heat transfer resis-
tances caused by

Fouling processes on the fin surface
Poor contact between the tube and fin base

o, is a virtual heat transfer coefficient. Assuming uniform heat
transfer coefficient o, for bare tube and fin surface o, is derived
from the fin efficiency 7y

VDI-GVC (ed.), VDI Heat Atlas, DOI 10.1007/978-3-540-77877-6_50,
© Springer-Verlag Berlin Heidelberg 2010

2.4 Straight Fins on Flat Plate..................oooiuut 1275
2.5 Pin or Tip Needles on Flat Plate .................... 1275
2.6  Heat Transfer in Banks of Finned Tubes in

Cross FIOW .. ovviiieiiiie i 1275
3 Bibliography.........ccccoovviiiiiiiiiiiiiiiiiiennnn, 1277

The heat flow then is

Q = o (A + 76 Af) (O — ©,). (3)
The driving temperature gradient for this case is the difference
between surface temperature of the tube and fluid. o;, may be
calculated as shown in @ Chap. G6. The characteristic length of
the circular fin tube is [1-4]

T/

Values calculated in this way are greater than those to get with
the following method.

Experimentally based values for o, can be derived from Egs.
(15), (16), and (18) for corresponding applications. Characteris-
tic length has to be always the same for the whole calculation
procedure. The velocity w; in the smallest cross section is calcu-
lated from die velocity in the free flow wy, the ratio from inflow
cross sectional area Ay, and smallest sectional area between
fins A,.

A
ws = W A—Z. (4)
This value can be fitted furthermore for the velocity change due
to changing density with temperature of the fluid.
The fin efficiency is the ratio of the mean temperatures
between the respective base of fin or tube and fluid.

O -0,

=8, "0, (5)

Together with this the virtual heat transfer coefficient
becomes

A A Ag
w=omfrn ] —m1-0-w%] @
The formal way to calculate fin efficiency is
tanh X
M= (7)
with
do 200m
72N s ®)
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M1. Fig. 1. Different designs for finned surfaces.
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M1. Fig. 2. Efficiency factor of finned surfaces.

In Eq. (8) the product (d,/2 has the meaning of a weighted fin
height which incorporates the design J stays for the fin thick-
ness. The function 7¢ = f{X) is plotted in Fig. 2. The analytical
calculation can be done by

_tanhXﬁ 1eX—eX
=T T XX e X

©)

Commonly used fins types are discussed next.

2 Examples for Fin Geometry

2.1 Circular Fins

- ) o)

For conic fins with thickness 6” at the base and ¢’ at the tip, the
mean 0 is defined by

(10)

d==(8"+9. (11)

NS

2.2 Rectangular Fins

= (¢ —1)(140.351n ¢), (12)
gl [(k
¢ = 1.28d0 <bf 0.2). (13)

23 Adjacent Fins

For arrangements with in-line banks Eqgs. (12) and (13) are valid.
For staggered banks a hexagon fin is to be defined for every
tube with

by k . [, %
'=127—4/(—-03 th I =1/s? +=L.
® & (bf ) with I s+ 1

Along with the spacing two arrangements are to be distin-
guished according to Fig. 3 [5].

(14)
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A
1
5§ < — St
2
bs=2s)

51—

b

M1. Fig. 3. Schematic picture of different gaps in the hexagonally
designed cross sections between parallel finned tubes in a bundle.

24 Straight Fins on Flat Plate

For this case in Eq. (8) the expression ¢dy/2 has to be substi-
tuted by the height of fin ks and 6 becomes

3 1
5:*6” 75/
4 +4

25 Pin or Tip Needles on Flat Plate

Here the expression dy/2 in Eq. (8) has to be substituted by the
height of fin k¢ and é becomes

1
0= 3 d, for pins
.9
o= 3 d, for needles

Heat Transfer in Banks of Finned Tubes
in Cross Flow

2.6

Heat transfer in banks of finned tubes depends on geometric
factors, physical properties, and the velocity of the fluid between

the fins and the rows. Inflow pattern and the formation of
microturbulences by surface roughness play an important role
and are difficult to control. An all-in-one solution for a variety
of applications and design cannot be given.

The advice to solve given problems of heat transfer in banks
of finned tubes is to look for an empirical calculation formula
on the base of experimental data [6-10]. The following equa-
tions are derived from industrial data [11] and the comparison
with [12, 13].

This leads to more than four rows and

e Inline arrangement

—0.15
_ 06 A 13
Nud = 022Red A_ Pr/-.

t0

e Staggered banks

—0.15
_ 06 A 1/3
Nuy = 0.38Re; (A ) Pr/°. (16)

0

The suffix d prompts to take as characteristic length the outer
diameter d, of the tube. For circular fins, the ratio A/A of the
finned surface to the surface of the base tube becomes
0 sdy

The most important factors in this Eq. (17) are height h and
spacing s (Fig. 1). They are essential for the formation of flow
between fins and tubes and vary widely in industrial applications.

Calculations with the given Eqs. (15) and (16) were fitted
within a range of £10% to +25% for 10> < Req < 10° and 5 <
AlAp <30

For banks with one to three rows, it is recommended to
modify the factor C of the Nusselt power equation

A —0.15
Nug = CRe® (—) Pr/3. (18)

A
For in-line arrangement C = 0.20, for staggered arrangement
with two rows C = 0.33, and for three rows C = 0.36.
Example
Air has to be heated up from 90 to 120°C. Heating fluid is
vapour condensing at 130°C. The mass flow of air is 1.92 kg/s.
The required power then is 59 kW.

Circular fin D =56 mm, dy = 25.4 mm, 0 = 0.4 mm
tubes
a=242 mm, d; =21 mm
Material Aluminum with 4 = 209 W/(m K)
Arrangement | 9 fins/in.
Spacing fins s=2.82mm
Spacing transversal St =60 mm
Inflow cross 1m?
section
Inflow velocity |2 m/s, calculated from mass flow and
temperature
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Heat transfer | o; = 10,454 W/(m? K)

coefficient
Width heat
exchanger
Height heat
exchanger

17 tubes parallel -- > 17 s¢=1.02m

1 m?/1.02 m =098 m

Number fins 0.98 m/0.00282 m = 348 fins

single tube

H Y
As single fin Ar = ZZ (D2 _ dg)

=27 (56" — 25.47)107° m’

=3.913-103m?

A per tube Ar = 3483913103 m?
= 1.362m?

A; per tube At = (348 4 1)ndoa

=349.7-254-2.42-10"%m? = 0.067 m?
Aw =7 - do - 0.98m
=7-254-10>m-0.98m = 0.078 m?
A =1.362m? + 0.067 m? = 1.429 m?
A =0.98m -7 -d
=0.98m-7-21-10"3m = 0.065m?

Ao per tube

A per tube

A; per tube

We assume a heat exchanger with circular fins and in-line
arrangement.
Straitened cross section of flow:

Ay si(a+9)

A, (ss—do)a+ (s — D)o
B 60 - 2.82
(60 —25.4) - 2.42 - (60 — 56) - 0.4
= 1.984.

Flow velocity in the smallest cross section:

A
W = WOA—O —=2m/s- 1.984 = 3.97m/s.

S
Influence of temperature:

273 +1(120 + 90)

WeT = W =397 m/s-1.04 =4.13 m/s.

273 + 90

Ratio of surfaces
A LA e (note : Eq.(17) will give 18.558)
—_— = = . n : . WL 1V . .
Ao 0.078 m? ore: give

Heat transfer air side

dywsrp,;.  0.0254m - 4.13m/s - 0.909 kg/m>
Red _ 0WsT Pair — / g/ — 4,236,
Nair 22.37 - 10~%kg/(ms)
A —0.15
Nug = 0.22Re®( — -pr'/3
Ao
=0.22-4263%% - 18.3217°1° . 0.706'/* = 19.07,
Nuglsr  19.07-0.0321 W/(m K
= udﬂalr: /(m ) :24.10W/(m2K).

dy 0.0254 m

Fin efficiency: Circular fins in-line Eq. (10)

— (P} 1035 m(2)] = 154
o= (@) Lrorn(g)] -

dy [0 0.0254m | 2-24.14W/(m2K)
X == /52 = 1.54 =
2V X0 2 209 W/(mK) - 0.0004 m

_tanhX 1 X — e X B 047 _
X T XK+ e X 047

SR P

= 24.10[1 —(1- 0.93):—} W/(m’K)

=22.49W/(m’K)
1 1 Af1 d—d
rzﬁx(ﬁ 2% )

1 1429/ 1
- {22.49 0,065 (10,454 *
= 0.0468 m°K /W,
k =21.37W/m’K.

0.0254 — 0.021
2-209

o

Logarithmic mean temperature difference

®0ut - G)in 30
Ingaen 100
Heat transfer surface necessary
' 59,000
A Q ) > =127.58m’.

= = m
kAOLy 2137 -21.64

Number of rows

=0.47,

127 m?
= 714292 = 5.25 — 6 rows.

Six rows are chosen.

A total outer surface

As smallest cross-sectional area

At free outer surface of tube

Ato surface of bare tube without fins
Ai inside surface of tubes

Af fin surface

Ao inflow cross-sectional area

X operand Eq. (8)

a free space between fins

bs width of angular fin

D outer diameter of fin

d, outer diameter of tube

d; inner diameter of tube

dn diameter of needles

he height of fin

k overall heat transfer coefficient




Heat Transfer to Finned Tubes 1277

3

Bibliography

I length of angular fin

Q heat flow

o thickness of fin
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1 Introduction

Within the kinetic theory of gases heat transfer and flow pro-
cesses of rarefied gases are described by the Boltzmann equation
[1—14]. To this nonlinear integro-differential equation belong
two characteristic lengths, namely the mean free path [ of the
molecules and a macroscopic length L characteristic for the
body dimensions. The ratio of these quantities gives the Knud-
sen number

Kn=1I/L (1)

as dimensionless parameter. At normal density, the mean free
path is of the order of 1077 m. In many technical applications, it
can therefore be assumed that one has for the Knudsen number
Kn < 1. The term “rarefied gases” means that /is not negligibly
small in comparison with L. This condition is often fulfilled at
low density of the surrounding air, as for example in the higher
layers of the earth’s atmosphere. Similar conditions occur in
vacuum or space technology. It should be mentioned that large
values of the Knudsen number occur at normal density when
very small particles are involved. Examples are aerosols in the
atmosphere of the earth, fine powders in process engineering, or
medical aerosols for inhalation.

For sufficiently small values of the Knudsen number fluid
dynamic systems can be described with the Navier-Stokes
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equations of the continuum theory. These equations are
obtained from macroscopic relations for conservation of mass,
momentum, and energy. Viscous stress and heat conduction are
described by empirical relations of the continuum theory, which
depend linearly on the gradients of velocity and temperature.
Within the continuum theory, the coefficients in these equa-
tions, heat conductivity 4, and viscosity 17 must be determined
by experimental methods. In the kinetic theory of gases, the
Navier—Stokes equations are obtained with the Chapman-—
Enskog method as solution of the Boltzmann equation for
small values of the Knudsen number [5, 6]. With this method,
the fluid properties 4 and 7 can be determined theoretically
from the law of the interaction force between the molecules. It
follows from these calculations that 4 and 7 for ideal gases are
functions of the temperature, but do not depend on the gas
density p. This result means that heat conduction in an ideal gas
is independent of the density of the heat conducting gas. It is
easy to see that this result can be valid only for a limited density
range, since the heat conducting medium disappears when the
density tends to zero and heat conduction is no longer possible.
Similar considerations show that the viscous forces which are
proportional to 77 must vanish when the density p tends to zero.

For large Knudsen numbers in the free-molecule regime, the
number of molecular wall collisions becomes larger than the
number of intermolecular collisions. Therefore, the influence
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of collision processes can be neglected when solving the
Boltzmann equation. In this regime, the molecules move inde-
pendently from each other and transport energy and momen-
tum directly from one wall to another. This means that the
molecular transport of energy and momentum is proportional
to the density. In vacuum technology manometers of the Pirani
type take advantage of the density dependence of heat conduc-
tion at low densities. After calibration such instruments are used
for pressure measurements in an approximate range from 10>
to 1 mbar [15, 16].

Theoretical solutions of the Boltzmann equation are mathe-
matically extremely difficult in the transition regime between the
continuum and the free-molecule regime. Here, exact analytical
solutions of the Boltzmann equation are available only in very
idealized cases. Analytical approximate solutions have been pre-
sented for systems without flow or for simple geometrical con-
figurations. The purpose of the present section is to describe
the distinction between continuum theory and kinetic theory,
i.e., between solutions of the Navier-Stokes equations and the
Boltzmann equation. Some solutions of the Boltzmann equation
for rarefied gases are discussed. Energy transfer by radiation is not
taken into account, although its influence increases with decreas-
ing density and becomes the only mechanism of energy transfer
under high-vacuum conditions. Details of this energy transport
by electromagnetic waves are discussed in © Chaps. K1-K3.

2 Theory

2.1 Introduction

In the kinetic theory, the thermodynamic state of a gas is
described with the molecular velocity distribution function.
This central function which describes the statistical distribution
of the molecular velocities has to be found as solution of the
Boltzmann equation. The thermodynamic variables are then
calculated as moments of the molecular velocity distribution
function. For the special case of a gas in thermodynamic equi-
librium one has the well-known Maxwellian distribution [7].
Using this distribution function, one obtains for the mean
magnitude of the molecular velocity

_ 8kT 8RT 8RT
c = —_— = —_— = —, (2)

mn T %
where k is the Boltzmann constant, m the mass of a molecule, T
the temperature, R = k/m the individual gas constant, R the
universal gas constant, and M the mole mass. It should be
mentioned that from the definition of mass density, pressure,

and temperature as moments of the distribution function the
thermal equation of state follows in the form

p=nkT = pRT (3)

for arbitrary distribution functions, which means that Eq. (3)
holds for arbitrary deviations from thermodynamic equilibri-
um. With the relation

p = mn @)

the mass density p can be determined from the number density
n of the molecules and the mass of a molecule m.

In the continuum regime with small values of the Knudsen
number, one has only small deviations from thermodynamic
equilibrium, which also means small deviations from a locally
Maxwellian distribution function. In this case, the Boltzmann
equation can be linearized. Different mathematical methods
and physical models for solving the resulting equations
have been developed. The most important method for practical
applications in fluid mechanics is the Chapman—Enskog meth-
od, which has been described comprehensively in the literature,
for example in [5—7]. With this approach, one obtains the
Navier-Stokes equations with the usual linear relations for
macroscopic heat conduction and momentum flux processes.

The components of the heat flux vector are given by the
well-known relation g = —/ grad T. Calculations of the heat
conductivity coefficient A using the intermolecular force law
show that / is a function of the temperature 7, but it does not
depend on the gas density p. Similarly, the viscosity 7, which
determines the components of the stress tensor, depends on the
temperature but not on the density. The possibility to determine
the temperature dependence of the transport coefficients theo-
retically is of practical importance when extrapolations of the
transport coefficients A and 7 for high temperatures are needed,
for which experimental results are not available. According to
Chapman and Cowling [5], the molecular model for elastic rigid
spheres gives for the viscosity

5
n= %plf ~ 0.5plc. (5)

This relation can be used to determine the mean free path /from
experimental results for the viscosity 7. Figure 1 shows the mean
free path for the gases helium and nitrogen at constant temper-
ature as a function of pressure. The results have been obtained
using Egs. (2) and (5) with thermodynamic properties from

1071 <

m N
1072 > T

203 K

1073 ~—

I 10 >

10-5 ~

N
N\
N\

Nitrogen N
Helium N

1078 |—

1077

1078
1078

107" 10! 108 Pa  10°
P

M10. Fig. 1. Mean free path for nitrogen and helium as a function
of pressure according to Egs. (2) and (5) with thermodynamic
properties from © Subchap. D3.1.
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© Subchap. D3.1 With the same molecular model one obtains
for the heat conductivity coefficient

A= o plece,, (6)
where ¢, is the specific heat capacity at constant volume [5]. For
monatomic gases with the ratio of specific heats x = ¢,/c, = 5/3
the Prandtl number is

_ne _2

Pr="F =% 067, 7)
In the limit of a highly rarefied gas, i.e., at very large Knudsen
numbers Kn > 1, the molecular heat transport to a wall
depends directly on the number of molecules incident on and
reflected by the wall. For simple geometrical configurations of
the walls, analytical expressions for the macroscopic heat trans-
fer can be deduced. It has already been mentioned in the
introduction that it is characteristic for the free-molecule re-
gime that the heat flux is proportional to the density of the gas.
In the transition regime, the heat flux has to be calculated as
moment of the distribution function, which must be deter-
mined as solution of the Boltzmann equation.

Among the approaches used to solve the Boltzmann equa-
tion are expansions of the distribution function about absolute
thermodynamic equilibrium or about local thermodynamic
equilibrium, replacing the nonlinear collision term of the
Boltzmann equation by a simpler mathematical model [14] or
evaluation of momentum equations [17, 18]. In the past years,
numerical calculations using Monte Carlo simulations or mo-
lecular gas dynamics have become more important [2, 19—21].
A critical discussion has been given by Bird [22]. Solutions of
the Boltzmann equation have been presented mainly for pro-
blems with simple geometries, such as parallel plates, concentric
cylinders, or concentric spheres. For technical applications, it
would be important to have solutions for polyatomic gases. For
this case, the Boltzmann equation becomes obviously too com-
plicated. Available solutions are based on empirical assump-
tions. Usually, solutions for monatomic gases are modified by
introducing macroscopic thermodynamic properties of poly-
atomic gases.

For convenience the following flow regimes may be defined:

Kn < 0.01 continuum regime
0.01 < Kn < 0.1 slip-flow and temperature-jump regime
0.1 <Kn< 10 transitional regime

In the continuum regime, the Navier—Stokes equations with the
usual expressions for heat flux and viscous stress are valid. This
regime is a subject of the field of classical fluid mechanics and heat
transfer [23-25]. In the slip-flow and temperature-jump regime
the Navier—Stokes equations remain valid, but due to the rare-
faction the gas adjacent to a wall no longer assumes the velocity
or the temperature of the wall. The gas slips along the wall and a
finite temperature jump between the gas and wall is observed.
Temperature and velocity jumps can be taken into account by
modified boundary conditions. In the transition regime, the
Boltzmann equation has to be solved in its general form.

In the free-molecule regime it becomes easier to find solu-
tions of the Boltzmann equation, since the effect of collisions
vanishes and the collision term tends to zero. For this regime
solutions exist for various special problems. Since it is extremely
difficult to obtain solutions of the Boltzmann equation that
cover the entire Knudsen number range, it has been tried to
obtain approximate solutions by interpolation between solu-
tions for the continuum regime and solutions for the free-
molecule regime. It has been assumed that heat flow Q for
arbitrary Knudsen numbers can be described by the heat trans-
fer for the continuum regime Okont and the heat transfer for the
free-molecule regime Orm according to

11 1
Q QKont QFM .
It has been shown that this empirical rule can be useful for

special cases, even for other quantities for example, the drag
coefficient [26].

(8)

2.2 Boundary Conditions

In a problem, for the calculation of the heat transfer and the
momentum flux at very small Knudsen numbers, i.e., in the
continuum regime, knowledge of the boundary conditions is
sufficient. In general, it is assumed that the heat conducting
medium at the wall attains the wall temperature and velocity.
With increasing Knudsen number, the gas temperature and
velocity may show finite jumps at the wall. A theoretical de-
scription based on the kinetic theory needs as boundary condi-
tion the distribution function of the molecules reflected by the
wall in dependence of the distribution function of the incident
molecules [14]. This detailed description is usually too compli-
cated for practical applications and is replaced by a simplified
model based on the so-called accommodation coefficients.
These coefficients describe the changes of certain moments of
the distribution function by the interaction with the wall. The
accommodation coefficient for the energy or temperature is
defined, for example, by

T -T.

A ®)

In this equation, T, represents the temperature of the molecules
incident on the wall, T, the wall temperature, and T, the
temperature of the molecules reflected by the wall. One has
T.=T. fory=0and T, = T, for y = 1. In a similar way,
accommodation coefficients can be defined for tangential and
normal momentums of the molecules. The values of accommo-
dation coefficients for technical surfaces are in a complicated
way dependent on the state of the gas and the solid surface. An
unambiguous prediction of these coefficients may be problem-
atic. These questions have been discussed extensively in the
literature [27, 28]. It has been mentioned that rarefied gases
exhibit finite jumps of velocity and temperature at solid walls.
The slip velocity at the wall for small but not negligible values of
the Knudsen number can be expressed by

u(y=0) = c(‘;—y) (10)
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where y is a coordinate normal to the wall. A more detailed
investigation gives for the molecular model of rigid spheres for
the parameter of the slip velocity

2-p
5 I

with ¢=0.4909 = 0.5 and 0 < f§ < 1, where f§ can be considered
accommodation coefficient of the velocity tangential to the
solid wall [11]. It can be seen that ( is of the order of
the mean free path. For the temperature of the gas adjacent to

{=2c (11)

the solid wall, one assumes in a similar way

oT

T(y=0)= Tw+g<a—y>y0. (12)

Here, the coefficient of the temperature jump g according to
Kennard [11] is given by the relation

2915
=212,
y 8

(13)

with
164 1 161 «
T 15me,k+1 15Prx+1°

f (14)

In problems containing the macroscopic length L, the ratio

g 2—yI5

Ly 8

fKn (15)
plays an important role. Solutions presented in the literature are
often for monatomic gases without inner degrees of freedom,
therefore
A 5 3 5
we —20 G972k e=gk

and k= E (16)
3

In this case the correction factor is f = 1. Assuming additionally
perfect accommodation, one has

g/l — 1—85Kn. (17)
It can be seen that g is of the order of the mean free path L It
must be recognized that the coefficient g remains finite for
perfect thermal accommodation. This means that temperature
jumps also occur for y = 1. For a stringent theory of polyatomic
gases, one should introduce a proper molecular model, in prac-
tical applications the corresponding thermodynamic property
values of polyatomic gases are introduced into Eq. (14). Under
these conditions, one has in general f # 1 for the correction
factor [29]. In the discussion of the solutions in Sects. 3 and 4 of
this chapter, the changes caused by this approximate method are
explained.

In the past years, more numerical solutions of the Boltz-
mann equation have been presented for special problems. This
work deals with the numerical determination of the coefficients
of the temperature jump and the slip velocity [30, 31], with the
simulation of gas flow through pores and fine channels [32, 33]
and with the heat transfer in rarefied gases including evapora-
tion and condensation [34]. A few papers deal with mixtures of
rarefied gases [35-39].

3 Solutions for Gases at Rest

3.1 Introduction

For small values of the Knudsen number Kn < 0.01, the solution
of the Boltzmann equation is in agreement with the results of
the continuum theory, thus one has for the heat flux 4 = —4
grad T, which leads to the heat-conduction equation with the
usual boundary conditions. Solutions for this Knudsen number
range are not discussed here, as they are the same as those for
solid bodies [23]. For the temperature-jump and slip-flow re-
gime in the Knudsen number range 0.01 < Kn < 0.1 the heat-
conduction equation of the continuum theory is still valid, but
the temperature-jump boundary conditions of Eq. (12) must be
introduced.

Using the temperature-jump boundary conditions, solu-
tions of the heat-conduction equation are presented in the
following for a few simple geometrical configurations, namely
for parallel plates, for concentric cylinders, and for concentric
spheres. As mentioned before, solutions of the continuum re-
gime will be extended to the temperature-jump regime. The
results obtained with this method, which generally are valid
only for Knudsen numbers Kn < 0.1, show characteristic fea-
tures of the behavior of rarefied gases. In addition, approximate
analytical solutions of the Boltzmann equation obtained from
moment equations are discussed [7, 18]. The solutions of this
approach are valid for an extended Knudsen number range.

By comparison with experiments, it can be shown that the
heat flux obtained with the temperature-jump boundary condi-
tion for the case of plane parallel plates is valid for all Knudsen
numbers. This result is probably due to the simple geometry.
The solutions obtained with the temperature-jump boundary
condition for concentric cylinders and concentric spheres are
valid only for a limited Knudsen number range, which depends
on the radii of the geometrical configuration. A discussion of
the cylindrical case may be found in [7].

If not mentioned otherwise, the relations presented in the
following are based on the assumptions of monatomic gases,
perfect accommodation at the walls, and small temperature
differences, i.e., for |T1/T, — 1] < 1. Due to the assumption
of small temperature differences, the calculations can often be
performed with constant property values.

3.2 Plane Geometry

3.2.1 Steady Heat Conduction Between Parallel
Planes for Knudsen Numbers Kn < 0.1

Solving the heat-conduction equation in a gas bounded by two
plates for the steady case gives the linear temperature profile

T = by + b (18)

For plates with the distance s and the temperatures T; and T,
one finds for the heat flux in the continuum regime

. dT A
dKont = —A di)/ = ;(Tl - T2)

(19)
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For the extension of this result to the temperature-jump regime
0.01 < Kn < 0.1 the boundary conditions of the temperature-
jump regime Eq. (12) are introduced. One obtains the relations

T(y=0)=by=T + b,

20
T(y=s)=bis+by=T,— b, 20)

which allow to determine the constants by, and b;,. For the
temperature distribution, it follows

T - T
-1 sta+&
and for the heat flux
Q:fﬂnd—T:#(Tlsz). (22)
dy s+g+go

Comparing this result with the classical solution for the continu-
um regime Eq. (19), one recognizes that the temperature-jump
at the walls caused by the rarefaction of the gas reduces the heat
flux and is equivalent to an increase of the plate distance from
sto s+ g + & The coefficient g is therefore often called
temperature-jump distance. Figure 2 shows the temperature
distribution between two parallel plates according to Eq. (21)
schematically. Assuming small temperature differences and
equal values of the accommodation coefficients at both walls,
g1 and g have practically the same value. For monatomic gases,
perfect accommodation, with ¢ = & = gand using Eq. (17), one
gets for the temperature distribution between the plates

Tt () y i)

n-T 14 (15/4)Kn (23)

where y* = y/sand Kn = I/s have been introduced. This relation
is represented in Fig. 3 for different values of the Knudsen
number. The temperature distribution between the plates is
still linear, and the temperature gradient is smaller in compari-
son with the continuum solution. For the ratio of the heat flux
of a rarefied gas to the heat flux in the continuum, it follows
L L S (24)
G Qe 1+ (15/4)Kn
This means, for example, that for the plate distance of 1 cm the
pressure of the heat conducting gas must be reduced by a factor

T(s)

T(0)

s

M10. Fig. 2. Schematic representation of temperature distribution
for gas between two parallel flat plates in temperature-jump
regime. The effect of the temperature-jump distances g; and g, is
equivalent to an enlarged plate distance s + g; + g».

of 100 in comparison with normal pressure, in order to reduce
the heat flux by 0.25%.

In the following it is shown that Eq. (24), though it has been
derived for the temperature-jump regime, is valid for the entire
Knudsen number range.

Example 1

The space between two parallel plates with the distance s =1 cm
contains helium at the pressure p = 1,000 hPa. The temperatures
of the plates are T} = 273 Kand T, = 278 K, the accommodation
coefficients of both plates are y = 1. (a) Calculate the heat flux,
(b) What is the heat flux when the pressure is reduced to 0.2 hPa?
(c) What is the temperature-jump at the cold plate for case (b)?

Solution
(a) Mean free path and Knudsen number: From Eq. (5) it
follows:
2
1=,
pc

From Eq. (2) it follows for the mean molecular velocity at the

cold plate:
_ 8-2,080-273
c=y/————"" = 12025 m/s.
3.1415

With Egs. (3) and (4) one obtains p = p/(RT,) = 10°/(2,080 -
273) = 0.176 kg/m”.
With 7 from © Subchap. D3.1 it follows

2-1.89-107°

~ T —1.79-10m.
0.176 - 1202.5

h

At the hot plate one obtains with the higher temperature

L2 1.89-107°

N~ —180-10"m,
0.173 - 1213.5

2

where as an approximation, the value for the viscosity n at 273 K
has been used. Since [; & L, one obtains for the Knudsen number

I 1.8-1077

Kn=-=""—=18-10"".
s 0.01
1.0 S T T T T
b Kn—0
o Kn = 0.01
0.8 F 70 .
N3, -—- 0.05
= NN - 0.10
I 06L g -
e
=
. 04} Parallel plates S -
[t T~
= oo
02} o, o
b ]
0.0 ] | | 1 Xy
0.0 0.2 0.4 0.6 0.8 1.0
¥

M10. Fig. 3. Temperature distribution for gas between two parallel
plates with different values of the Knudsen number.
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Since Kn < 0.01 the equations of the continuum theory apply,
here Eq. (19) can be used. With the heat conductivity A for the
temperature 273 K from © Subchap. D3.1 one has

kont = (0.143/0.01) (273 —278) = —71.5 W/m".

(b) The initial pressure p must be reduced by the factor 5,000 to
reach the pressure 0.2 hPa. At constant temperature this
means that the mean free path increases by the same factor.
It follows I =9 - 10~* m and Kn = 0.09.

This means that Eq. (24) must be used to determine the heat
flux. It follows

GKont —-71.5

— = = —53.46 W/m".
1+ (15/4)Kn 1+ 3.75-0.09 /m

q

(c) The temperature jump at the cold wall can be determined
with Eq. (21). Since helium is a monatomic gas, Eq. (16)
holds. With Eq. (13) and y = 1, it follows

g=1(15/8)1=1.875-9-107* =1.69-107° m.

With Eq. (21) one obtains

T(0) — T, 1.69-107°
=(1= =0.874
T —T, 0.01 +1.69-1073 +1.69-1073

and

T(0) = 0.874 - (273 — 278) + 278 = 273.63 K.

For the temperature jump at the cold wall one has

T(0) — Ty = 0.63 K.

3.2.2 Unsteady Heat Conduction for Knudsen
Numbers Kn < 0.1

In the following, a special solution of the unsteady heat-
conduction equation is considered for a semi-infinite gas bounded
by the plane y = 0 and extending in the direction of y positive.
For t < 0, the temperature is T, everywhere. For t > 0, the
temperature of the wall at y = 0 is T;. It should be mentioned
that no characteristic macroscopic length exists in this case,
which could be used to define a Knudsen number. Using the
temperature-jump boundary condition of Eq. (12) leads to the
temperature distribution

T(y.t) = To :[1 B erf(z g >

T] — T() §4 2\/&5
y 14at)
—exp( = +— 25
p(gn 48 @)
- erfc (l 8 2X/E>} )
g2vat  2g
where
5 %
erf(y) = —Jexp(—wz)dcu (26)
P
0

is the error function, and

erfc(X) =1 — erf(X) (27)
the complementary error function and a the thermal diffusivity
[7]. The quantity v/at in Eq. (25) has the physical dimension of
a length and may be considered a characteristic length of the
problem. In the solution for the continuum regime, the gas
assumes for t > 0 the temperature of the wall, without delay.
It is characteristic for rarefied gases that the gas needs a finite
time to attain the temperature of the wall. From Eq. (25) one
obtains with y = 0 the temperature of the gas at the wall as a
function of time:

TOH=T _ | _ o (a—;) erfe (ﬁ) '

(28)
T —To g &

Example 2

A plane wall with the temperature T} = 303 K comes suddenly
in contact with a gas of the temperature 298 K. The pressure is
150 Pa. It is assumed that the wall temperature does not change
with time and that the accommodation is perfect. What is the
temperature at the wall after 0.05 ms? For an estimate of this
temperature, use constant physical properties of air at
To =298 K.

Solution
To determine the temperature at the wall as a function of time
Eq. (28) is used. The quantity v/at can be considered a charac-
teristic length of the problem.

From Eq. (3) one obtains

p = p/(RT,) = 150/(287.2 - 298) = 1.75 - 10> kg/m’.

Using the physical properties of air from © Subchap. D2.2 one
has for the heat diffusivity
a=2/(pc) =26.06-107"/(1.75-10° - 1,007)
= 1.479-107> m?/s.

Calculation of the mean free path: using Eq. (5) one obtains
2
|~ —7]
pc
From Eq. (2) it follows

_ [8.287.22-298
c= /= 70— 466.9 m/s.
3.1415

With 7 from © Subchap. D2.2 one finds

2.18.48-107°

N T —452-10°m.
1.75- 1073 - 466.9

For the argument of the exponential function and the comple-
mentary error function in Eq. (28) one obtains with Eq. (13) the
expression

Vai _syai

g 157
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The correction factor f differs from unity since air is a mixture
of polyatomic gases. Using physical properties of air from
© Subchap. D2.2 with Eq. (14) gives

16 1 1.4

fzi

: . = 0.871.
15 0.7141 1+1.4

It follows

g 15-0.871 -4.52- 103

t 8v1.479-1072-0.05-1073
Vat = v = 11.65.

For large values of the argument, the complementary error
function can be represented by a series expansion [7]. One has

exp(=y3) /1 1
erfc(x):%(;_ﬁ +)

For y > 6, the remainder after the first three terms can be

1-3
2.5

neglected. Thus, one obtains for Eq. (28) the relation
T—Tp exp(—11.65%)
T) — To VT
L0 ) —oom
22-11.65°) 7T

The temperature of the air at the wall is

T = 0.952 (303 — 298) + 298 = 302.76 K.

=1—exp(11.65%) -

1 1
11.65 2-11.65°

3.2.3 Extensions to Arbitrary Knudsen
Numbers

The results presented in Sect. 3.2.1 have been derived for mod-
erate rarefaction, i.e., for Knudsen numbers Kn < 0.1. Using
moment equations, Lees and Liu derived an approximate ana-
lytical solution of the Boltzmann equation [17, 18, 40]. It has
been shown by different experimental investigations that the
theoretical results of Lees and Liu are in excellent agreement
with experiments for all values of the Knudsen number [41-44].
The results which Lees and Liu derived for complete accommo-
dation, Y; =Y, =1, can be extended to include incomplete
accommodation, i.e., accommodation coefficients less than
unity. The result can be written as

. o 4 —1
.i _ Q = |1 yl y2 , (29)
gem Qrm I5Kny, +7, =172
where
. ¢ +R/2
QFM — A Y172 / P(Tl _ TZ) (30)

Y1+ 72 —V17Y2 V2rRT

is the heat flow in the free-molecule regime [11]. In these
equations, A represents the surface of a plate, while y, and
y, are the accommodation coefficients of the plates. In the
free-molecule regime, intermolecular collisions become negligi-
ble and the trajectories of the molecules are independent of each
other. The molecules transport energy and momentum directly
from one wall to another. Thus, the molecular transport of
energy, i.e., the heat flow, is proportional to the number of
molecules or to the density of the gas. The heat flow in the
free-molecule regime does not depend on the distance between
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M10. Fig. 4. Dimensionless representation of heat flux between
parallel flat plates according to Eq. (29) for different values of
the accommodation coefficient.

the plates. The ratio of the heat flux § to gy according to
Eq. (29) is shown in Fig. 4 for different values of the accom-
modation coefficient. It is found that the empirical relation
equation (8) proposed by Sherman [26] is valid in the present
case of parallel flat plates. According to Sherman, the heat flow
for arbitrary Knudsen numbers Q can be expressed by the heat
flow of the limiting cases of the continuum Okont and the free-
molecule regime Opy. One has
Q 1

Qem 1+ Qent/Qont
Using the thermal equation of state equations (3) and (5), the
density p can be expressed as a function of the mean free path
and the viscosity. With y; =y, = 1 and introducing Egs. (22) and
(30) one finds the relation

QFM

(31)

ls n
: =—-(¢+R/2)~. (32)
QKont ! A
For monatomic gases Eq. (16) holds, thus one has
Qem/ Qkont = 4/(15 Kn). (33)

Combining this result with Eq. (31) gives Eq. (29) for the special
case of complete accommodation. It should be mentioned that
the relations derived here are for monatomic gases and for small
temperature differences. By multiplying the Knudsen number
with the correction factor fof Eq. (14) in Sect. 2, one can derive
equations for polyatomic gases.

The solutions presented so far make use of linearization based
on the assumption of small temperature differences. Analytical
solutions for large temperature differences are not available. To get
an impression of the deviations from solutions obtained by line-
arization, Braun [42] studied numerical solutions of moment
equations for parallel flat plates, without the assumption of
small temperature differences. In Fig. 5, the difference between
nonlinear and linear solutions is shown as a function of
Knudsen number for different temperatures. At a temperature
difference of 400 K deviations up to 40% are found.
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M10. Fig. 5. Difference between nonlinearized solution g, and
linearized solution g, for heat flux between flat plates as a function of
Knudsen number according to Braun [42]. Here, AT =T, — T; is the
temperature difference between the plates. It should be mentioned
that the Knudsen number has been evaluated for the state of the gas
at the cold plate.

Example 3

For the measurement of the accommodation coefficient of
argon in a new material, a heat transfer cell with parallel flat
plates is used. The distance of the plates is s = 1 mm. It is
assumed that the accommodation coefficients of the plates
have the same value. In order to obtain clean conditions for
the measurements, the pressure in the cell is reduced to 10~ Pa
at the beginning of an experiment. At this pressure one has free-
molecule conditions. It can be assumed that the gas between
the plates consists of water vapor which comes from the re-
evaporation of water molecules formed at higher pressures as
film on the walls. To determine the heat transferred by radia-
tion, a measurement is made under vacuum conditions with the
wall temperatures T; = 278 K and T, = 268 K. Under these
conditions, a heat flux of 10 W/m? is measured.

(a) Determine the heat flux of water vapor under the assump-
tion of complete accommodation.

(b) Argon is introduced into the cell until the pressure is 0.1 Pa.
By adjusting the heating power the wall temperatures
T, = 278 K and T, = 268 K are obtained. The measured
heat flux is 10.4 W/m?>. What is the value of the accommo-
dation coefficient for the investigated material?

Solution

(a) Inthe measurements under vacuum conditions, one has for
the Knudsen number Kn > 10. This can be shown by
calculation in a similar way as in Examples 1 and 2. For
the heat flux in the free-molecule regime Eq. (30) is used.
With ¢, = ¢, — Rand ¢, from © Subchap. D3.1 it follows

. QFM & — R/2
=—="—"9p(T) — T

arm A 2nRT p(h 2)

1864 — 461.4/2

= 107410 = 1.84 mW/m’,
V2 -3.1415 - 461.4 - 273

For T, the arithmetic mean value of the temperatures T, and T,
has been introduced. This value of the heat is negligibly small in
comparison with 10 W/m? obtained under vacuum conditions.
It is therefore assumed that the heat flux of 10 W/m? is due to
thermal radiation. This value has to be subtracted from the
values measured at higher pressures.

(b) At the pressure 0.1 Pa one has the Knudsen number
Kn > 10. Thus, one has free-molecule conditions, and
Eq. (30) can be used. With the relations for monatomic
gases in Eq. (16) one obtains

:QFM_ Y 2R

7 —_— = T, — Ty),
qrM A 2 _V\/mp( 1 2)
Y 2-208.13
10.4 — 10 = .1-10
2 —7y4/2-3.1415-208.13 - 273
=—10.697.

It follows y = 0.729. It should be mentioned that under the
described conditions thermal radiation gives an essential con-
tribution to the heat transfer.

3.3 Concentric Cylinders

3.3.1 Steady Heat Conduction Between
Concentric Cylinders for Knudsen
Numbers Kn < 0.1

Using the temperature-jump boundary condition of Eq. (12),
one obtains for concentric cylinders the heat flux

o= 4 (I - To)
ninf(rn +&)/(n — )]’
where r; is the radius of the inner cylinder and r, the radius
of the outer cylinder. Since Kn < 0.1 one has g < r and

& < 1y, and the logarithm in Eq. (34) may be expanded in a
series to give

(34)

i = 4 (- T)
nln(n/n)+a/n+ga/n’

(35)

For g — 0 and g — 0 one obtains the special case of the
continuum regime:

. AT —T
ot = L2 36
Kont rin(ry/n) (36)
Combining Egs. (35) and (36) and using Eq. (17) one has
q Q In 75 (37)

dont Qome In 13 + (15/8)Kny (1 + 1/73)

with 1y = r,/r, Kn = I/r, and g3 = ¢ = g This relation is valid
only for Knudsen numbers Kn < 0.1 which in general holds true
for all results based on temperature-jump boundary conditions.
Some results for an extended Knudsen range are discussed in the
next chapter. In the unsteady case solutions based on the tem-
perature-jump boundary conditions lead to Bessel functions.
Such solutions are important for the evaluation of experimental
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results for the heat conductivity at higher densities as described
in the literature [43].

3.3.2 Generalizations for Arbitrary Knudsen
Numbers

Using momentum equations, Lees and Liu found an approxi-
mate analytical solution of the Boltzmann equation for the heat
transfer between concentric cylinders. By comparison with
experimental results it has been shown that the solution of
Lees and Liu is in good agreement with experimental results
for 0 < Kn < oo, whereas Eq. (37) is wrong by a factor 2 in the
free-molecule regime [40]. According to Lees and Liu, the

relation
Q _ (1 +
QKont

is valid for all Knudsen numbers. Here, y; is the accommoda-
tion coefficient of the surface of the inner cylinder. It should be
mentioned that the accommodation coefficient of the outer
cylinder is irrelevant if rJ >> 1. For the regime of free-molecule
flow, Kennard [11] has derived

: 11 /1 o +R/2
a3 )]
e n \72 2nRT

where A; is the surface of the inner cylinder. According to
Hurlbut [44] one has

g 4 Ine\ 7!
& =(14+—v 2 .
QFM 15 Knl
From Egs. (38) and (40) it follows Q/QKnnt + Q/QFM =1,
which means that Sherman’s empirical rule equation (8) is

valid here. According to Lees and Liu [41], it follows for the
steady temperature field in the gas between concentric cylinders

151 Kn; ) !
(38)

4y, Inr;

(i —To), (39)

(40)

T(r)-T, 11 . Inr*
ﬁ— {1 — QD|:E+EaI'CCOS(1/T ):| — (1 — @)lnr;},
(41)
with

4 Inr} -

Y = (1 + EK—HI> . (42)
The described relations have been obtained for monatomic gases.
Using the correction factor introduced in Sect. 2 they can be
applied to polyatomic gases. For this purpose, the Knudsen num-
ber has to be multiplied with the correction factor fof Eq. (14). It
has been shown by Westerdorf [43] that calculations based on
this method are in good agreement with experimental results for
the polyatomic gases such as nitrogen and water vapor.

Example 4

Measurements of the heat conductivity 4 are often performed
by the so-called hot-wire method, which uses a cell consisting of
a cylindrical tube that is kept at a fixed temperature. A fine wire
is stretched along the axis of the tube. The wire is heated
electrically, and the dissipated electrical power can be

determined by measuring the electrical current and voltage.
Consider a cylindrical cell of diameter 2 cm with an electrically
heated platinum wire of diameter 0.1 mm. In order to minimize
the end effects of the cell only the central length of the wire Lp, =
0.4 m is used for the measurements. The dissipated electrical
power Qu = 32 mW is determined. The cell contains nitrogen.
The accommodation coefficient for nitrogen on platinum is y; =
0.53. The temperature of the wire is 298 K, and the temperature
of the cylinder is 293 K. From measurements at very low
pressure, i.e., for p—0, it is found that the heat flow due to
thermal radiation is Qg = 2 mW. Calculate the pressure in the
heat transfer cell.

Solution

Using the heat conductivity of @ Subchap. D3.1, it follows for
the heat flux in the continuum regime from Eq. (36)

Qkont = 2771 Lpkont = 2 - 3.1415 - 0.4 - 0.026 (298 — 293)/
In(1-107%/0.05-107?)
=61.7 mW.

The conduction for arbitrary Knudsen numbers is given by
Eq. (38). This equation has been derived for monatomic gases.
It can be applied to nitrogen when the Knudsen number is
multiplied with the correction factor f of Eq. (14). With prop-
erty values for nitrogen at 298 K from © Subchap. D3.1 one
obtains Pr = 0.71 and x = 1.4. Thus, one finds for nitrogen

16 1 1.4
f=3

15 071 1+ 1.4

= 0.876.

From the measurements, it follows
Q/ Qxont = (Qu — Qs)/ Qront = (32 — 2)/61.7 = 0.486.
With Eq. (38) one gets the Knudsen number

Koy = 21 Inr; (—QK,‘"“ - 1)

15 f Q
4 05310200/ 1

2 P 1) = 0.904.
15 0876 \0.486

With Egs. (1-5) and the viscosity value from Sect. 3.1, the
Knudsen number can be used to evaluate the pressure. One has

-~ \/Em/RT _ 53 178107°V/296.8-298

V2 Knn 0.904 - 0.05 - 103

= 147 Pa.

34 Spherical Geometry

3.4.1 Steady Heat Conduction Between
Concentric Spheres for Knudsen Numbers

Kn < 0.1

With the temperature-jump boundary condition of Eq. (12) one
obtains for the heat flux at the surface of the inner sphere of two
concentric spheres

L T~ T,
B rlzgl/rlz+gz/r22+l/rl - 1/7’2

where r; is the radius of the inner sphere and r, the radius of the

q ; (43)

outer sphere. Introducing the known solution of the continuum
regime,
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h-T
1/n—1/n
it follows for monatomic gases with Eq. (17) and with g1 =g, =¢
the equation

i Q _ 1-1/r;
dKont  Quome  (15/8)Kmy[1 + (1/73)"] +1—1/r3

. A
dKont = R (44)
n

(45)

As in the case with cylindrical symmetry, the radius r; is used to
define the dimensionless quantities r; = r,/r; and Kn; = I/r.
For the temperature distribution one obtains with r* = r/r, the

equation
T(r) =T _ (15/8)Kny(1/r)* +1/r" —1/r; (46)
T =T,  (15/8)Kny[1+ (1/r) ] +1—1/1}

From these equations follow of course with r, — oo the results
for a single sphere.

3.4.2 Unsteady Heat Conduction of Single
Sphere for Knudsen Numbers Kn < 0.1

For a single sphere with constant wall temperature T; which
suddenly comes in contact with a surrounding gas of the tem-
perature T, the unsteady heat-conduction equation with the
temperature-jump boundary condition gives for the tempera-
ture distribution in the gas:

T(T*7 t*) — To _
Ti—-Ty

8/(15Kn;)
{1+ 8/(15Kn, )]

. {1 erf g\;?l _ {1 —erf(rz*\/_t_*l +( +8/(15Kn1)¢f‘*)>]

~exp[(1+8/(15Kn;)(r — 1) + (1+8/(15Kn;)*t"))] }

(47)

where t* = t/tr with

£Gi 1 (49
A a

tr

and a is the heat diffusivity. The characteristic time #; for a
spherical particle of radius 10 pum in air at standard conditions
with property values from © Subchap. D3.1 is approximately
5 ps. With #* = 1 one finds for the temporal evolution of the gas
temperature at the surface of the sphere

T(0,¢*) — Ty 8/(15Kn,)
T, —T,  1+8/(15Kn;)
1= [1 —erf(1+8/(15Kn;))Vt*]
-exp[(1+8/(15Kn;))’t*] }.

(49)

As mentioned already in Sect. 3.1.2 for the plane case, a rarefied
gas needs a finite time to assume the final gas temperature T at
the wall according to the temperature-jump boundary condi-
tions. Figure 6 shows the temperature at the surface as a func-
tion of £* for different values of the Knudsen number according
to Eq. (49). It can be seen that the gas temperature for large
times, t* — oo, tends to Tg. The temperature limit Tg is shown
in Fig. 7 as a function of the Knudsen number.
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M10. Fig. 6. Gas temperature at the surface of a single sphere as a
function of time for different values of the Knudsen number.
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M10. Fig. 7. Temperature limit for large values of t* at surface of
single sphere as a function of Knudsen number.

3.4.3 Generalizations for Arbitrary Knudsen
Numbers

For the steady heat conduction between concentric spheres,
Lees has presented approximate analytical solutions of the
Boltzmann equation, using the same method as described in
the cases of plane and cylindrical geometry. The results are
valid for all Knudsen numbers [18]. For the heat flux, Lees
obtains
@ _ Q _ 1
QKont QKont 1+ (15/4) Knlrg/(r;‘ - 1)

and for the temperature distribution

CEL I A

(50)

(51)



Heat Transfer and Momentum Flux in Rarefied Gases

1385

1.2 T T T T T
Concentric spheres

1.0

0.8

0.6

q/qKont

0.4

0.2

0.0
1074

1072 1071 100 101 102
Kn1

10-8

M10. Fig. 8. Heat flux g/gcont for concentric spheres as a function of
Knudsen number with ratio of radii as parameter.

where

4 1 r5—1\"
=(1+——-2 : 52
v (+15Kn] ry ) (52)
The heat flux according to Eq. (50) is shown in Fig. 8 for a wide
range of the Knudsen numbers with the ratio of radii as param-
eter. For the free-molecule regime, Kennard has derived the

formula
() 6
—+|= ——1
"1 n Y,
&+ R/2
—p(T) — Tr),
\/mp(l 2)

where A, is the surface of the inner sphere, and y, and y, are the
accommodation coefficients [11]. Springer and Wan [45] give
the formula

Qv = A

(53)

15K 0\ !
4 __2 =(1+— 2 ) . (54)
qkont Qkont 4 yponn—1

where 7, is the accommodation coefficient of the inner sphere.
It should be mentioned that the accommodation coefficient of
the outer cylinder is irrelevant if r; >> 1. Sherman’s rule in
Eq. (8) is valid here. The relations described in this section
have been obtained for monatomic gases. The results can be
extended to polyatomic gases by multiplying the Knudsen num-
ber with the correction factor fdefined by Eq. (14).

4 Solutions for Gases in Motion

4.1 Introduction

In the previous chapters, heat conduction in rarefied gases at
rest has been discussed. The Knudsen number Kn = I/L also
plays, of course, an important role for rarefied gases in motion.
With Egs. (4) and (5), the Knudsen number can be expressed as
a function of the viscosity as

Kn = 2n/(pcL). (55)

Introducing a characteristic velocity u of the flow one obtains
with Eq. (2) the relation

Kn =~ Ma/Re, (56)

where Ma = u/+/kRT is the Mach number and Re = (p u L)/n,
the Reynolds number. In the literature, results for rarefied gases
in motion are therefore often represented as function of Re/Ma.
At high Mach numbers the compressibility of the medium has
to be taken into account. Studies of rarefied gases at high Mach
numbers are of special importance for hypersonic flows [46—49].
In the following, a few examples of internal flows at low Mach
numbers are discussed. Therefore, one has in this case Ma? < 1.
Due to the low Mach number, rarefaction effects play a role only
when the Reynolds number does not become too large. For
Mach numbers of 0.25 and Reynolds numbers up to approxi-
mately 40, the Knudsen number is of the order of 0.01. Com-
pressible flows are discussed by Knobling [50].

4.2 Plane Couette Flow for Arbitrary

Knudsen Numbers

The plane Couette flow deals with the viscous flow between
parallel plane plates. It is assumed that the lower plate is at rest,
whereas the upper plate moves with the velocity u,. The distance
of the plates is s. In general, the temperatures of the two plates
may be different from each other. For the following it is as-
sumed that the temperature is T; for the lower plate and T for
the upper plate. In the continuum regime with very small
Knudsen numbers Kn < 0.01, the gas does not slip over the
walls and assumes the temperatures of the plates. This behavior
corresponds to the classical boundary conditions of the contin-
uum theory. It is well known that for T} = T, one has a linear
velocity profile. With increasing Knudsen number temperature
and velocity jumps are observed at the walls. As a consequence,
the heat and momentum flux to the walls decrease when the gas
becomes rarefied. Liu and Lees made use of a momentum
method to obtain an approximate analytical solution of the
Boltzmann equation for the problem of plane compressible
Couette flow [51]. The results obtained are valid for all values
of Knudsen number, Mach number, and temperature ratio
T,/ T;. For the representation of the results the Stanton number

qy

St = 57
! P£1 Cp.,I“O(Tl - TZ) ( )
and the drag coefficient
px}'
=— 58
o 1/2p, %)

are introduced. The quantity g, represents the heat flux perpen-
dicular to the plates and p,, the shear stress. For the limit of
small Mach numbers, i.e., for Ma? < 1, Liu and Lees obtained
analytical expressions for density, temperature, pressure, and
velocity, which depend only on the temperature ratio T,/T)
and on the Knudsen number Kn, = [;/s. The same holds for
the product of drag coefficient and Mach number ¢ ; Ma; and
for the product of Stanton number and Mach number St; Ma,,
where Ma; = uy/+/«kRT;. For higher Mach numbers, the equa-
tions in [51] have to be solved by iteration. Figure 9 shows the
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M10. Fig. 9. Velocity profile for plane Couette flow with T, = T, for
various values of Knudsen number.

results of the method for the velocity of monatomic gases
between the plates as a function of y* = y/s for T} = T, and
different values of the Knudsen number. All velocity profiles
exhibit a constant slope. The velocity jump at the walls increases
with increasing Knudsen number and has the same magnitude
at both boundaries. The solid line for the continuum regime
shows no temperature jump. Figure 10 shows velocity profiles
for the temperature ratio T>/T; = 3 and for different values of
the Knudsen number. The profiles show a curvature, which
decreases with increasing Knudsen number. The temperature
jumps are in this case larger at the hot wall than at the cold wall.
In Fig. 11, the influence of the temperature ratio on the velocity
profile is visible for constant Knudsen number. With increasing
temperature ratio the velocity jump at the wall increases. In
Fig. 12, the quantity St;-Ma,; is shown as a function of the
Knudsen number Kn, for different temperature ratios.

4.3 Cylindrical Poiseuille Flow at Constant
Wall Temperature for a Wide

Knudsen Number Range

The fully developed steady laminar viscous flow in a long tube
of circular cross section is described by Poiseuille’s formula. In
the deduction, it is assumed that the pressure is constant over
any cross section of the tube. In the continuum regime, the gas
layer in contact with the wall adheres to it. It is well known that
the resulting velocity profile is described by a parabola, whereas
the flow rate is proportional to the pressure drop and to the
fourth power of the tube radius. In the slip-flow regime, a
Knudsen number effect is expected [11-13, 25]. The Knudsen

number is defined by
Kn=1/r, (59)

where 7, is the radius of the tube. In the literature, the so-called
rarefaction parameter

S =

]
S
|3

1
~— 60
n (60)
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M10. Fig. 10. Velocity profile for plane Couette flow with T, /T; = 3
for various values of Knudsen number.
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M10. Fig. 11. Velocity profile for plane Couette flow at Kn = 0.1 for
various values of temperature ratio.

is often used instead of the Knudsen number [52]. Besides
velocity jumps at the walls, a new phenomenon may be ob-
served in flows through very long tubes, where the pressure drop
along the tube may cause an increase of the mean free path so
large that the Knudsen number changes by orders of magnitude.
As a consequence different flow regimes may develop in the gas
flow along the tube, in extreme situations from the continuum
to the free-molecule regime. This is discussed later.

The problem of cylindrical tube flow in rarefied gases has
been the subject of numerous investigations. In 1909, Knudsen
described experiments in which he found a minimum of the
mass flow for decreasing pressure [53]. In search for explanation
of this minimum various methods for the solution of the
linearized Boltzmann equation for Poiseuille flow in tubes
have been developed [4, 54-58]. Many investigators made two
assumptions. Entrance effects were neglected, which means that
the length of the tube L is much larger than the tube radius 7. In
order to justify the linearization of the Boltzmann equation, it
was assumed that the Mach number is small. For the pressure
difference, it is assumed
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mp%pz' <1 with p=(p1 +p)/2,
where p; — p, is the driving pressure difference. For technical
applications, the paper by Sharipov and Seleznev is useful since

it discusses the results for the flow of a rarefied gas through a

(61)

tube with circular cross section for large pressure differences at
constant temperature [52]. Sharipov and Seleznev show that
linearization of the Boltzmann equation is allowed only for
the general conditions

L 1D S (62)
L p
or
1 - _
Lnp=pl oy k<, (63)
Kn L p

where the Knudsen number Kn is based on the mean free path

I=(h+1h)/2 (64)

as an average of states 1 and 2. At large pressure differences, a
mixed flow with a transition from continuum conditions at the
tube entrance to free-molecule conditions at the exit of the tube
prevails. In the literature, the mass flow M is often described by
the dimensionless quantity

—MV2RT

P = @p/aonn

(65)
It should be mentioned that the quantity F changes its value
in the case of the described mixed flow since it depends on
the pressure gradient dp/dx. In Fig. 13, the quantity F is pre-
sented on the basis of a chart in [51]. In the same figure, the
approximation

F =0.2216 Kn~! + 1.0162 + 0.6194 Kn — 0.7743 Kn®> (66)

which according to Lo and Loyalka [58] is valid for small
Knudsen numbers. The quantity F has a minimum in the
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M10. Fig. 13. Mass flow according to Eq. (65) for isothermal
cylindrical Poiseuille flow as a function of Knudsen number.

transition regime, as can be seen in Fig. 13. It is interesting to
mention that with Sherman’s Eq. (8) this minimum is not
obtained [58]. The mass flow M is of course constant. Sharipov
and Seleznev therefore characterize the mass flow with the
quantity

L M+/2RT
(pr—p2) w1
which is constant over the entire length of the tube. It can be

shown that the value of this quantity can be obtained from
F with the relation

B(d1, 02) = F((01 4 02)/2)

for arbitrary pressure differences, if the conditions of Eqs. (62)
and (63) are fulfilled. The values of B as a function of the
rarefaction factor at the entrance and at the exit of the tube 0,
and J, may be found in [52].

B=-—

(67)

(68)

Example 5

For determining the mass flow in a long tube the pressure is
measured at two positions with the distance L; = 1 m. The
measurements give the values p; = 12 Pa and p, = 10 Pa.
The gas of the flow is nitrogen with the temperature 298 K.
The radius of the tube is 5 mm.

(a) What is the mass flow?
(b) What is the mean flow velocity?

Solution

(a) Using Egs. (1-5), the mean Knudsen number Kn is deter-
mined with the values of the dynamic viscosity from
© Subchap. D3.1:

_ 7 nVRT 1.78 - 107°1/296.8 - 298
Kn= /o= —=1253

Pro ' 11-5-1073

= 0.1206.

For the Knudsen numbers at the entrance and at the exit one
finds Kn; = 0.1206 - 11/12 = 0.1106 and Kn, = 0.1206 - 11/10 =
0.1327. The gas is therefore in the slip-flow regime. For
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determining the mass flow Eq. (65) is used. The quantity F can
be taken from Fig. 13, or for the present case can be calculated
with the approximation of Eq. (66) for Kn. One finds F = 2.917.
With Eq. (65) it follows

o dep/dxnrg B
~ V2RT

(=2.917) - (—2/1) - 3.1415 - (5-107%)°
V22968 -298

=5.45-10"7 kg/s.

(b) For the density one has p = p/(RT) = 11/(296.8 - 298) =
1.244 - 10~* kg/m’ and thus from the volume flow M/p

the mean velocity
=M/ (pmry)
—5.45-107 /(1244107 31415+ (5-107)°)
= 0.56 m/s.

4.4 Cylindrical Poiseuille Flow with Constant
Heat Flux at Wall for Knudsen

Numbers Kn < 0.1

The relations described in the preceding chapter are for the
isothermal case. Solutions for the temperature-jump and slip-
flow regime have been described by Sparrow and Lin [59]. These
authors deal with the case of constant wall temperature as well
as with the case of constant heat flux at the wall. Velocity jumps
as well as temperature jumps had to be taken into account. For
constant heat flux at the wall the authors give for the Nusselt
number the relation

(69)

Here, the velocity ratio

u(rp) _ 1
i 1+ 10/(40)

(70)

and the coefficient g defined by Egs. (13) and (14) have been
used, and % is the velocity averaged over the cross section of the
tube. The quantities u(r;) and { are defined in Egs. (10) and
(11), and the Nusselt number is given by
a 1

Ng=— 3 D
ST T

(71)
where

- J: Zrnru(r)T(r)dr
J " drru(r)dr

0

(72)

Figure 14 shows a graphical represention of Nu according to Eq.
(69) for monatomic gases as a function of Knudsen number for
various values of the accommodation coefficient 7. The solution
for the case of constant wall temperature cannot be given in
closed form. It has, however, been shown that the Nusselt

2.5 T T T T

Constant heat flow
20 e T .
15F p=1 . ]

Nu —  y=1.00 A

--------- 0.10 .
1.0F —ooon. 0.01 T
0.5} i
0.0 ! 1 1 ! -

1076 10°5 1074 1073 1072 107"
Kn

M10. Fig. 14. Nusselt number according to Eq. (69) for laminar tube
flow with constant heat flux at the wall as a function of Knudsen
number.

number for this case does not deviate much from the values in
Fig. 14. They are approximately 5% higher [59].

Example 6

Consider the laminar flow of air in a tube with radius 6 cm. The
air is heated by a constant heat flow from the walls. The flow
velocity averaged over a cross section is # = 10 m/s. The
average temperature in this cross section is 50°C, the wall tem-
perature is 50.5°C, and the pressure is 7 Pa. The accommodation
coefficient for the temperature has the value 0.5, and the accom-
modation coefficient for tangential momentum is 1. (a) What is
the velocity at the wall? (b) What is the heat flow to the tube?

Solution
(a) By calculating the Knudsen number with Egs. (1-5) and
using the viscosity from © Subchap. D2.2 one obtains

nnvRT 19.67 - 1075/287.2 - 323
Kn = > =1.253

pro 7-0.06

= 0.0179.

It follows that the flow is in the temperature-jump and slip-flow
regime. This means that Egs. (69-72) are valid. Using Egs. (11)
and (70) the velocity at the wall can be determined. With f =1
Eq. (11) gives

{=1=rKn=107mm
and thus

1 1
u(ro) _ — 6.66- 102,

i 1+r/(4-0) 1+006/(4 1.07-1072)

It follows u (ry) = 0.66 m/s.

(b) The Nusselt number can be determined with Eq. (69). The
temperature-jump coefficient g follows from Eq. (13). With

16 1 1.4

f - .

= 0.875.
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Equation (14) gives

2-05 15 ,
¢= .—.0.875-1.07- 10
05 8

=526-10°m and g/ry = 0.088.

With Eq. (69) it follows for the Nusselt number

24/11

Nu = -
1 —£6.66- 1072 + £ (6.66 - 1072)°4-340.088

1.89

With the value of the heat conductivity of air from © Subchap.
D2.2, it follows from the definition of the Nusselt number in
Eq. (71) for the heat flux at the wall

g =1.89-27.88-107 - (323.5 — 323)/0.06 = 0.44 W/m’.

5 Symbols
surface (m?)

a heat conductivity (m?/s)

B dimensionless mass flow (-)

bo auxiliary quantity (-)

b auxiliary quantity (-)

[ arithmetic mean of magnitude of molecular velocity
(m/s)

D drag coefficient (-)

Gy specific heat capacity at constant volume (J/kg K)

o specific heat capacity at constant pressure (J/kg K)

F dimensionless mass flow (-)

f correction factor for polyatomic gases (—)

g temperature-jump coefficient (m)

Kn Knudsen number (-)

L characteristic length (m)

1 mean free path (m)

M mol mass (kg/kmol)
M Mass flow (kg/s)

Ma Mach number (-)

m mass of a molecule (kg)
Nu Nusselt number (-)

N number density (1/m?)
Q heat flow (W)

q heat flux (W/m?)

Pr Prandtl number (-)

P pressure (Pa)

Dxy shear stress (Pa)

R individual gas constant (J/kg K)
R Universal gas constant (J/kmol K)
R radial coordinate (m)

1o pipe radius (m)

Re Reynolds number (—)

St Stanton number (-)

S distance between plates (m)

T temperature (K)

t time (s)

tr characteristic time in heat-conduction equation (s)

U velocity in direction of x-coordinate (m/s)

X coordinate in flow direction (m)

Y coordinate vertical to direction of flow, coordinate
vertical to wall (m)

p accommodation coefficient for velocity (-)

Y accommodation coefficient for temperature (-)

o rarefaction parameter (-)

4 coefficient of velocity slip (m)

n dynamic viscosity (Pa s)

K ratio of specific heats (-)

A heat conductivity (W/m K)

0 density (kg/m?)

® auxiliary variable (-)

z auxiliary variable (-)

w auxiliary variable (-)

Indices

0 initial value

1 plate 1, inner cylinder, inner sphere, entrance

2 plate 2, outer cylinder, outer sphere, exit

e Incident

M free-molecule regime

G Limit

Kont continuum

) linearized

nl nonlinearized

r reflected

T belonging to temperature

w Wall

y y-direction

Constants

Boltzmann’s constant
c=5- n/32 = 0.4909 =~ 0.5
k = 1.380658 - 107% J/K
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1 Introduction

A spontaneous phase transition can be defined as the formation
of a disperse phase in a supersaturated — i.e., metastable — bulk
liquid or gaseous phase. As a characteristic feature the phase
transition enthalpy of the growing disperse phase is provided or
absorbed by the bulk phase, resulting in a change of the bulk
phase temperature.

In contrast to this, phase transitions in technical processes
usually take place at cooled or heated surfaces, and the phase
transition enthalpy is transferred as a heat flow through a heat
exchange surface.

In general, suspensions of tiny droplets or solid particles
formed by spontaneous phase transitions or other mechan-
isms in a bulk gas phase are called aerosols. Suspensions of
liquid droplets are also termed as fog or mist [1, 2]. Typical
aerosol droplet sizes are smaller than 10 um (1 pm = 10™° m).
Aerosols possess a degree of stability with respect to settling in a
gravitational field. This is due to the thermal or Brownian
motion of molecules and its impact on the dynamics of tiny
particles.

For suspensions of bubbles in a liquid bulk phase there
exists no special term. In contrast to aerosols, bubble sus-
pensions are highly dynamic systems because after formation
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a rapid phase separation in the presence of a gravitational
field takes place.

Nevertheless, although the dynamic behavior of aerosols
and bubble suspensions is rather different, their formation by
spontaneous phase transitions is dominated by the same basic
mechanisms: the phase transition is initiated by nucleation in a
supersaturated phase. Afterward, the nuclei grow by diffusion,
coagulation, and/or coalescence.

Supersaturation of a bulk gaseous or liquid phase is a
necessary precondition for nucleation. In order to quantify
supersaturation of a liquid or gaseous phase a saturation ratio
S can be defined in various ways. Here, an isothermal definition
which relates the actual state of the supersaturated phase to the
equilibrium state at the same temperature and composition
is used.

For a gaseous phase the dew point is used as a reference
5 YK-1 ) . (la)

S= pvap(Tayb .o 'anyl)/psat(T>yla s

For a liquid phase the bubble point is used as a reference

S= pvap(Tv Xlyoo- ‘7xK71)/Psat(T7 Xlyeoo ..,.XK,I), (lb)

where p,,, is the actual total pressure of all condensable (vapor)
components i (i =1, ...., K). Inert components such as carrier
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gases can be excluded, if they are not relevant for the phase
equilibrium, i.e., if they are not soluble in the liquid phase.

Supersaturation (S > 1) may appear in various technical
processes. Typical examples are

(1) Adiabatic mixing of gas—vapor mixtures with different tem-
peratures.

(2) Simultaneous heat and mass transfer during absorption,
evaporation, and condensation in the presence of inert gases
can entail an intersection of the dew point line by the process
trajectory, describing the change of state of the gas phase.

(3) Chemical reactions in the gas phase followed by desublima-
tion of the generated substances.

(4) Due to the temperature and pressure drops during the
adiabatic expansion of pure gases or mixtures the dew
point may be exceeded.

(5) In rapid flows of liquids and in reflected shock waves the
pressure can drop below the vapor pressure.

Supersaturation is a necessary but not a sufficient precondition
for a spontaneous phase transition. The saturation must exceed
a critical value S before a phase transition is initiated either by
heterogeneous or homogeneous nucleation. Heterogeneous nu-
cleation requires foreign nuclei in the supersaturated bulk
phase. If a sufficiently high concentration of nuclei is present,
and if those are activated under the actual process conditions,
nucleation usually takes place at values of S, close to 1.

In contrast to this, homogeneous nucleation requires a high
degree of saturation because for the formation of critical mole-
cule clusters (= homogeneous nuclei) a high activation energy
barrier has to be surmounted.

The key parameter in nucleation is the nucleation rate J
which is defined as the number of nuclei formed by homoge-
neous nucleation or activated in heterogeneous nucleation per
unit volume and time. The dimension of ] is usually given in
m s orem s,

The critical saturation S_;; can be defined as the saturation S
for which a spontaneous phase transition can be observed and
measured, i.e., for which the nucleation rate is high enough

Scrit = S(] = 10° Cl’l’l_3S_1). (2)

The exponent z must be chosen according to the time scale
of the considered process.

In Atmospheric Sciences it is convenient to choose z = 0.

In Process Technology where the flow residence time in an
apparatus or in a machine is in the range of seconds usually z is
chosen between 4 and 6 [3].

Gases or liquids under technical process conditions always
contain a certain amount of small particles which can be acti-
vated as nuclei in supersaturated phases.

Consequently, in Process Technology heterogeneous and
homogeneous nucleation often take place simultaneously.

Furthermore, there is no sharp transition between
nucleation and growth. Both mechanisms overlap. During a
nucleation event, even if the first formed nuclei would be
growing, nucleation goes on until the saturation of the bulk
phase drops to values lower than S

In this chapter of the Heat Atlas gas-to-liquid and liquid-to-gas
spontaneous phase transitions in flowing media are considered.

2 Spontaneous Condensation

2.1 Nucleation
2.1.1 Homogeneous Nucleation of Pure
Substances

The kinetics of a phase transition can be explained on a micro-
scopic scale as a statistical phenomenon. Colliding molecules
form clusters which decompose again at low supersaturations.
Increasing supersaturation increases the probability that mole-
cule clusters or the so-called embryos reach a critical size. Such
critical molecule clusters are called nuclei. In the classical theory
of homogeneous nucleation, the nucleation rate J, which is the
number of emerging nuclei per unit volume and time, can be
predicted by the basic equation for nucleation phenomena

AG*
J=K eXP(*W), 3)

where K is a frequency factor which indicates the number of
collisions per unit volume and time, and the exponential term is
the probability of the formation of critical clusters.

G" is the Gibbs free energy required to form a nucleus of
critical radius r*, and k is the Boltzmann constant.

The nucleus is considered a small sphere of radius r* form-
ing an unstable thermodynamic equilibrium with the surround-
ing supersaturated gas phase which is determined by the Kelvin
equation (capillarity approximation)

_ ZGVLM

* = 4
o=t (4)

where ¢ is the surface tension, vy is the specific liquid volume,
and Ap the difference of the pure component chemical potentials
between the supersaturated gas phase and the liquid phase at bulk
gas phase conditions (pyap, T'). For an incompressible nucleus

A‘Lt = .u'vap(p\’ap’ T) - ,UL(Pvap7 T)

= @pvap ~
=RT In———— — V.(pvap — Psat(T)).
@satpsat(T) (p ’ b t( ))

(5)

For pressures sufficiently far below the critical pressure the
second term of Eq. (5) can be neglected. Furthermore, if the
vapor behaves like an ideal gas the fugacity coefficients ¢ and
sar at bulk gas phase and at saturation conditions, respectively,
can be set to 1, and Eq. (5) can be written

Api? = RTInS, (6)

where S = pyap/psae(T) is the saturation ratio.

The Gibbs free energy for the formation of a nucleus is
given by

AG* = (4/3)nor*. (7)

Inserting Eq. (4) yields

16 32 M2
AG =T (8)

3 (Aw

If the exponent of Eq. (3) is represented by Egs. (6) and (8) one
obtains
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(AG*/kT) = lf—kn (%)3 )

~ 2
nwM
Rln S|

The characteristic feature of Eq. (9) is the strong dependence of
the exponent on surface tension, temperature, and saturation
degree.

The classical theory of homogeneous nucleation has been
developed mainly by Volmer and Weber, Farkas, Becker and
Doring, Zeldovich, and Frenkel [4]. Summaries on comprehen-
sive treatments of nucleation are given in various publications
(1, 5-7].

For the calculation of the frequency factor K, the Volmer—
Frenkel approach modified by Feder et al. is used [8]

1
K= @ZO(C (Zn1310*>n1. (10)

where #; is the number density of monomers, and ¢, the mean

. (sRTj”
= \|\——= .
M

The condensation coefficient o, (sticking coefficient) multiplied
by the collision rate (1, ¢; O*/4) describes the number of
monomers impacting on the surface O* (= 47nr*?) of a critical
cluster. For the condensation coefficient o usually values be-
tween 0.5 and 1 are assumed. The nonisothermal factor ®

® =0*/(1’ + ), b* = RT*

N R\ 1=y [Mup/. R
(Cv.vap + _) + ﬂ ﬂ(cv.cg + _> )
2 Yap || My 2 (12)

~ ~ R 2 crI\N/IVa
T —{hvap(ﬂpvap) —h o (T) =5 T —— p}

*
2 r pL,sat

monomer velocity

(11)

covers the deviation from the isothermal nucleation model. For
gas—vapor mixtures with extreme low concentrations of the
condensing vapor ® tends toward 1.

The Zeldovich factor Z

1/2
AG*
Z=|—=
3nkT(i")

can be interpreted as a correction in order to guarantee a steady-
state population of subcritical clusters during nucleation. There-
fore, growing nuclei have to be replaced by new monomers. The
number of monomers i* on a critical cluster (nucleus) is given
by a simple geometric approach

(13)

4 ()’
i*__n(r)

ERTI

(14)

where m; is the mass of a molecule, and v the specific liquid
volume.

The classical nucleation theory is a sufficiently good
approach for a great variety of technical nucleation problems
[9-19]. The isothermal dependence of the nucleation rate on
saturation ratio is well predicted: experimental and theoretical
slopes of ] versus S are in good agreement. But the temperature
dependence of the nucleation rate is often systematically differ-
ent from that predicted by the classical theory. To overcome this

problem Wolk et al. suggest empirical correction functions for the
nucleation rate based on precise experimental data [20].

Some authors suggest introducing the factor (1/S) in
Eq. (10). It results from a correct treatment of the nucleation
kinetics [6]. Nearly all comparisons of classical nucleation the-
ory with experiment have omitted this factor, but it would be
more correct to include it. Furthermore, one must be aware that
in principle the surface tension of nuclei with typical diameters
in the range of 1 nm is a function of the droplet radius [21]. But
this fact is normally neglected in literature.

Finally, recent progress in applying molecular dynamic sim-
ulation to nucleation of pure substances should be mentioned.
With this method it is possible to predict realistic nucleation
rates if the intermolecular interactions of the substance can be
described by simple but suitable molecular models [7, 22].

The following example should give an insight in the order
of magnitude of the relevant nucleation parameters. Based on
Egs. (3), (9), (10-13) the values of Table 1 have been calculated
for the nucleation of pure water vapor at t = 20°C (and 60°C)
assuming oc = 1. Water vapor is treated as an ideal gas.

Following properties have been used:

For 20°C: pe(T) = 23.37 mbar; py,p, =
¢ = 0.07274 N/m; p; = 988 kg/m’;

For 60°C: pg(T) = 199.0 mbar; pyap
¢ = 0.06619 N/m; p; = 983kg/m”.

The values of Table 1 demonstrate the distinguishing feature
of Eq. (3) which is the extremely sharp dependence of the
nucleation rate on the saturation degree. But it is obvious that

0.0173 kg/m’;

0.1302 kg/m’;

the frequency factor K is nearly independent of the saturation
degree S.

With increasing temperature the nucleation rate increases at
constant saturation. For a temperature of 60°C nucleation rates
in the order of 10® cm™> s " arise at S = 2.8.

Furthermore, in the presence of an inert gas the nonisothermal
factor ® and consequently, the nucleation rate would increase.

2.1.2 Homogeneous Nucleation of Binary
Mixtures

The extension of the classical nucleation theory to binary mix-
tures was pioneered by Flood [23], Neumann und Doéring [24],

M11. Table 1. Nucleation rate J of pure water vapor at 20°C
dependent on the saturation S

exp(-AG*/kT)  J,ecm 3¢
2 1.55 6.0 x 102 | 22 x107° 1.3 x 107
3 0.98 14 x 10** | 49 x 1072 6.8 x 1078
35 | 0.86 19 x10* | 83 x 10 1.6 x 10°
4 0.78 25x 10 | 22 x107%° 54 x 10*
42 | 075 28 x 10** | 45x 107" 1.2 x 10°
45 | 0.71 32x 10 | 20x 107" 6.3 x 107
5 0.67 39x 10 | 26 x 107" 1.0 x 10"
6 0.60 57 x 10** | 1.7 x 107"2 9.6 x 10'?
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and Reiss [25]. An actual survey on the state of the art is given,
for instance, by Schmelzer [7] and Vehkamaki [26].

For condensing vapor mixtures the same basic Egs. (3), (7),
and (9) developed for pure vapors are applied. For pressures far
below the component critical pressures, incompressible liquid
droplets, and an ideal gas phase Eq. (9) can be written

y a lem (o(x)\ [v(x)M(x%) ’
(AG/kT)dzﬁ( T )[ RInS }

(15)

The saturation ratio for a binary mixture of components A and
B is defined according to Flood [23]

S=sv Sp1=*), (16)

where S, and Sp are the partial saturation degrees, and x* is the
mole fraction of component A in the critical cluster. The partial
saturation ratios are defined in analogy to the pure component
saturation ratio

Si = pi/Pisat(x*, T), (17)

pi is the partial pressure of component i in the supersaturated
gas phase, and p; g, is the corresponding partial saturation
pressure over a liquid solution with a flat surface and the
composition x* of the critical cluster. In order to calculate p; s,
the extended Raoult’s law can be applied

(18)

where py; so¢ is the pure component vapor pressure, and y; is the
activity coefficient.

Pisat = xi*"/i pOi,sat(T)v

The composition of the critical nucleus can be determined
using the generalized Kelvin equations (Gibbs—Thomson equa-
tions) for systems with an ideal gas phase

~ 2
RTInS; = = (x"), (19)
r
where ¥; is the partial molar volume of the liquid mixture.
Inserting A and B in Eq. (19) and division yields

In SA _ T/A (X*)
InSg  wp(x*)

(20)

If the partial molar volumes as functions of the molar fractions
x are known, the molar fraction x* can be calculated by trial and
error using Eq. (20) anticipating actual partial pressures of
components A and B in the supersaturated gas phase. The
partial molar volumes can be derived from the molar volume
v(T, p, x;) of a binary mixture using the following equation:

T/,-:T/—l-(l—xi)(g—;) . i—AB
i/ p,T

In order to estimate the frequency factor K, it has to be taken

(21)

into account that in binary or multicomponent mixtures clus-
ters of different composition exist. This leads to complex for-
mulations which are described in the literature [26, 30].

For the rather frequent case, if one component (B) exists in
great excess the frequency factor can be calculated with a simple
equation [28]:

K = 4nr*? Byng (22)

with

RT \ 2
ﬁA g (ZEMA> ) (23)
where n; are the number densities of molecules A and B.

The frequency factors for mixtures are in the same order of
magnitude like those for pure components at similar conditions
(T, p, S). That means, the nucleation rate or critical saturation
according to Eq. (2) are dominated by the exponential factor in
Eq. (3), too. Investigations of the binary systems HCI-H,O [3]
and HNO3-H,O [29] in the temperature range between 20°C
and 60°C vyield similar results for the critical saturation like
those of water according to Table 1, if the excess component is
water. In contrast to this, the H,SO,~H,O system (with H,O as
excess component) shows different behavior [30]. Due to the
extreme vapor pressure minimum at the azeotropic point the
critical saturation for nucleation is higher than that for pure
water (Sgi = 9 at 25°C).

The saturation degree S* of the classical nucleation theory
defined by Eq. (16) is different from that defined by Eq. (1).
By means of the latter it is possible to check quickly if a
homogeneous gas phase is supersaturated or not. The calcula-
tion of S* requires a heterogeneous system with nuclei of critical
composition x*.

Nevertheless, it has been shown for the HCI-H,O system
that S and S* differ only in the range of 1% [3]. In contrast to
this, for the H,SO,~H,O system, which exhibits extreme phase
behavior, the differences between S and S* can be in the range of
5-30% [31].

2.1.3 Heterogeneous Nucleation

Heterogeneous nucleation requires foreign particles at which
condensation or evaporation is already initiated in a slightly
supersaturated gaseous or liquid phase.

If in a gaseous phase the foreign particles are insoluble in the
condensing vapor, and if they are completely wettable (contact
angle between liquid and solid equals to 180°), the critical
saturation ratio can be estimated easily by the Kelvin equation
which one obtains from Egs. (4) and (6) for a pure component.

_ 2
RT In Sy = 27,
r

(24)
Anticipating complete wettability of the foreign particle the
first condensing thin liquid film has nearly the same curvature
like that of a corresponding liquid droplet with the diameter
of the particle. Consequently, Eq. (24) can be applied to esti-
mate the critical saturation. For water at 20°C and a foreign
particle diameter of 10 nm one gets S = 1.237, and for a
particle with a diameter of 100 nm one obtains S_;; = 1.0215. If
the wettability of the particles is lower, the critical saturation
ratio increases.

In the case of soluble particles, for example salt particles in
condensing water, the Kelvin effect is compensated by the vapor
pressure depression and thus the critical saturation ratio can
drop slightly below S = 1 [2].



Spontaneous Condensation and Cavitation

1395

nhml[m_e]
1E+13 3
]
1E+12 | r f
" nfu"

1E+11 | l‘

|

| |
1E+1O " L n 1 L 1 n

1 1.01 1.02 1.03 1.04

Saturation ratio S

M11. Fig. 1. Formation of HCl aerosols initiated by heterogeneous
nucleation in a flue gas quench cooler. Number concentration of
activated particles versus (theoretical) saturation ratio (Gas inlet
temperature: 200°C; adiabatic saturation temperature: 45°C; inlet
gas concentration of HCl: 500-2,000 mg/m3) [31].

In spontaneous condensation processes initiated by hetero-
geneous nucleation the concentration and the properties of
foreign particles are decisive for the final concentration and
sizes of the generated aerosol. Atmospheric air always contains
sufficient particles as numerous investigations show [2, 5].
Typical concentrations of atmospheric particles are in the
range of 10* cm ™ in rural and 10° cm ™ in urban regions. In
industrial process gases high concentrations of tiny foreign
particles can occur. Especially, in flue gases number concentra-
tions of foreign particles between 10° and 10° cm ™ have been
measured [27, 31, 32]. But usually size distributions as well
as surface properties of foreign particles in process gases are
unknown.

In general, for modeling and simulation of spontaneous
condensation processes initiated by heterogeneous nucleation
the key parameter is the number concentration of foreign nuclei
which are activated under the special conditions of the consid-
ered process [33, 34]. This relevant number concentration can
be detected only by experimental methods [32].

The activation (wettability) of foreign particles depends on
the maximum saturation ratio which is reached in the consid-
ered process. As an example, experimental results of a flue gas
scrubbing process are shown in Fig. 1. It can be seen that the
number concentration of acid aerosol droplets increases with
increasing maximum saturation ratio [31]. That means, the
higher the saturation ratio, the more particles are activated as
condensation sites. In this case the foreign nuclei are mainly
soot particles from a gas burner.

In literature, the principles of heterogeneous nucleation are
mostly described for condensation processes. But the funda-
mental features of heterogeneous nucleation, i.e., critical satu-
ration is close to 1 if sufficient foreign nuclei can be activated,
and phase transition at nearly equilibrium conditions are the
same for evaporation processes.

2.2 Growth of Droplets

2.2.1 Growth by Condensation

Growth by condensation is the predominant mechanism of
aerosol droplet enlargement after nucleation. The growth of
droplets can be described by the transport equations for heat
and mass transfer between the aerosol droplets and the super-
saturated gas phase as well as by mass and energy balances.
As the relative velocity between the growing small aerosol
droplet and the surrounding flowing gas can be neglected, the
mass transfer can be considered stationary diffusion, and the
heat transfer can be considered stationary conductive heat
transfer in the continuum regime. If the droplet radii are
lower than the gas mean free path A the growth is governed
by the kinetic theory [1].

Fuchs and Sutugin proposed the following approximate
interpolation formula for the droplet growth rate of a condens-
ing pure vapor in an inert gas which can be applied in the entire
Knudsen number range [1]

dr _ OCCD‘T/L
dt  rRT

1+ 2Kn
1 + 3.42Kn + 5.32Kn?|’

(Pvap = Psar,r (T, 7’)) (25)
D is the Diffusion coefficient of the vapor in the gas phase, ¥
the molar volume of the liquid, Kn = A/d is the Knudsen
number, and pg,, is the saturation vapor pressure of the
condensing component at the droplet surface, which can be
calculated using the Kelvin equation
Psat,r = psat(T)eXP{zTa 1~’L} (26)

Equation (25) is valid for ideal gas conditions at low gradients of
partial pressures and temperatures when the vapor phase mass
fraction is low [35].

The accommodation coefficient o must be determined
experimentally. Usually, o is assumed to be 1.

A more rigorous approach for higher vapor phase mass
fractions including energy transfer has been presented by
Gyarmathy [36].

dr 1 1-— TT InS
At py 7+ 1.59A AR p=pup RapT’ (27)
t ppr+ 1L o P Pvap Rap L

/Ryap T P PuwpD

where A is the molecule mean free path, A the thermal conduc-
tivity, Ah, the evaporation enthalpy, py., the partial vapor
pressure in the bulk phase, and Ry, the individual gas constant
of the vapor.

It has to be emphasized that the bulk partial pressure py,,
and the equilibrium partial pressure at the droplet surface pg, ,
as well as the temperatures change during droplet growth. The
growth is finished if the saturation ratio in the bulk phase
reaches S = 1.

In general, the growth of pure or multicomponent droplets has
to be calculated by solving the mass and heat transfer equations
simultaneously as shown in various publications [33, 34, 37].

In the pure vapor limit as the inert gas concentration tends
to zero, transfer processes across the Knudsen layer may domi-
nate and other transfer models have to be used [38—40].
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2.2.2 Growth by Coagulation

Coagulation of particles or droplets decreases the number con-
centration of an aerosol. For particles with diameters d < 1 um
coagulation due to Brownian motion is the dominating coagu-
lation mechanism [2]. For the estimation of collision rates, a
theory based on Fickian Diffusion of particles has been devel-
oped by Smoluchowski [5]. According to this theory, the span
(t— ty) in which an initial number concentration n, decreases to
n(t) can be calculated for a monodisperse aerosol using the
following equations:

n(t) dn
t—1ty = — —_— 28
’ /"0 KC(”) nZ ( )
with
4kTC
Ko=——7, (29)
3n
and the Cunningham correction for the Knudsen regime
A d
Co=1+7|2514+08 exp( —0.55 ) |, (30)

where A is the mean free path of molecules, and 7 is the
viscosity of the carrier gas.

Assuming spherical particles, the diameter of the monodis-
perse particles increases with decreasing number concentration

d=d (@)1/3. (31)

n
The following example demonstrates that high initial num-

ber concentrations are reduced rapidly.

Example: Carrier gas: air at t = 25°C, and p = 1 bar

Initial diameter do/pm 0.01 0.05 |0.01
no/cm=3 | 10" | 10" [10°
nfem=3 | 10° | 10° [10®

(t-to)/s 0.91 224 225

Initial number concentration

Final concentration

Span

3 Adiabatic Expansion of Pure Vapors
and Gas-Vapor Mixtures

For demonstration and because of its practical importance, this
chapter focuses on condensation of water vapor in nozzles of
small or moderate size that are typical of many technical appli-
cations. Initially, the vapor phase is unsaturated and due to the
fast time scale of the expansion phase transition is not estab-
lished at thermodynamic equilibrium. Pure vapors or vapor/
carrier gas mixtures supersaturate and start to nucleate either
heterogeneously, homogeneously, or simultaneously both to-
gether. At maximum supersaturation S,.x, the so-called Wilson
point, substantial condensation with macroscopic latent heat
release to the flow starts to grow and change local pressure,
temperature, density, and flow velocity. The trend of all varia-
tions is toward choking conditions with Mach number M = w/c
= 1. Therefore, initially subsonic flow accelerates toward M = 1,
whereas supersonic flow decelerates to M = 1 [41]. As distinct

from choking in adiabatic flow due to area variation, this
is called thermal choking. If the average cooling rate —dT/d¢
(K/us) is of O(1), the Wilson point locates typically in the
transonic regime with Mach numbers M. = 1.1-1.3 at the
Wilson point. Here, even a very small amount of heat addition
to the flow of g/¢,To; < 0.1 may cause thermal choking with
M = 1 within the condensation zone. Then the flow pattern
changes significantly and forms additional steady or high
frequency moving shocks. Because of the strong coupling of
flow and thermodynamics the sudden temperature increase
across shocks decreases instantaneously the supersaturation,
the driving potential for nucleation, and droplet growth.
These instabilities driven by nonviscous interaction of local
heat source distributions and compressibility of the fluid are
of great practical importance.

Adiabatic expansions of pure vapors can be modeled as
isentropic flow, whereas in vapor/carrier gas mixtures the com-
ponents undergo individual isentropic expansions only, if the
molar specific heats are equal [41]. Depending on the cooling
rate heterogeneous and homogeneous condensations separate
quantitatively. Oswatitsch showed in his pioneering work
[42, 43] that simultaneous heterogeneous condensation grow-
ing at natural impurities in atmospheric air does not alter
quantitatively the homogeneous nucleation and droplet growth.
However, artificial seeding with high particle concentration is
well known for flow control to minimize nonequilibrium losses
in low-pressure steam turbines.

Typical thermodynamic and flow dynamic properties of
high-speed condensing water vapor flows are

Vapor phase initially
unsaturated

Puap ~ O(1072-1 bar), T =~ 300-450 K
Puap ~ 0(1072-1 kg m )

Pearrier gas = O(1 kg m—3)

Piiq ~ 0(10° kg m3)
c~0@410°ms™)

M =~ O(1) transonic flow

—dT/dt =~ O(1 K/ps), nonequilibrium
phase transition

Speed of sound

Typically high flow speed

Cooling rate

Homogeneous nucleation | J ~ 0(10*® m™—3s7")

Nhet ~ 0(10'° m™3)

Heterogeneous nuclei
concentration

Condensate mass G/Gmax &= O(1-5-1072)

fraction/wetness

3.1 Steady-State Phenomena

Figure 2 shows the numerical simulation of a quasi 1-D Laval
nozzle flow with a weak supersonic compression caused by heat
release after homogeneous nucleation and droplet growth. The
adiabatic expansion of the vapor/carrier gas mixture crosses the
equilibrium limit at (2) and continues until the Wilson point
(4). Intense droplet growth decreases the vapor pressure of the
mixture from (4)—(5), but simultaneously the static pressure of
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M11. Fig. 2. Continuous supersonic compression in steady Laval nozzle flow due to homogeneous condensation of the moderate water
vapor content of atmospheric air; reservoir conditions: @y = 50.0%, Ty = 295.0 K, pg; = 1.0 bar, x = 8.26 gyapor’kQary air» NUMerical simulation,
inviscid flow modeling.

From top: phase diagram; numerical Schlieren picture - visualization of density gradients in main flow direction, saturation ratio S at the
nozzle axis; and homogeneous nucleation rate J at the nozzle axis.
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M11. Fig. 3. Shock in steady Laval nozzle flow due to homoge-
neous condensation of high relative humidity ®, and high water
vapor content of atmospheric air; reservoir conditions: ®, = 65.0%,
To1 = 295.0 K, poy = 1.0 bar, x = 10.78 gyapor/kQary airn NUMerical
simulation, inviscid flow modeling.

From Top: phase diagram; numerical Schlieren picture - visualization
of density gradients in main flow direction, saturation ratio S at the
nozzle axis; and homogeneous nucleation rate J and growth of
condensate mass fraction g/gmax at the nozzle axis.

the mixture increases. The remaining small supersaturation
after (5) accounts for the fact that tiny droplets require a
vapor pressure which is higher as that of a flat phase boundary.
At (4) the supersaturation is S ~ 40 and the maximum nucle-
ation rate is J ~ 10**> m s '. If the initial vapor pressure
increases further a steady normal shock (4)—(5) forms
(Fig. 3). At (5) after the shock, the flow remains still

supersaturated and the complete latent heat addition happens
downstream of the shock, starting in the local subsonic
flow regime and reaccelerating to supersonic flow. Usually, the
additional shock is called condensation shock, which is mis-
leading to some extend, because the instantaneous temperature
increase through this shock diminishes nucleation and further
growth.

In practice it is important to know where condensation
starts to grow in a nozzle with the given initial state. An empiri-
cal similarity law for the condensation onset defined by the
Mach number M, at the Wilson point was first published by
Zierep and Lin [44, 45]. Here, thermodynamics of the problem
is represented by a single parameter, the initial relative humidity
®, at reservoir conditions, whereas flow dynamics, the time
scale of the expansion, is represented by the exponent a. The
time scale of the flow can be modeled either by the cooling rate
—dT/dt (K/ps) or by the temperature gradient —d 7/dx (K/cm).
For slender plane nozzles, dT/dx depends on the wall curvature
r* and the height y* at the throat

dTyY y—1 [ 1 1
=2 —. K ) 2
< dx> y+1 ot y+1 y*r*( /em) (32)

Figure 4 shows equivalent nozzles with identical temperature
gradients —dT/dx (K/cm) at the axis.

Assuming isentropic expansion, the dependence of the
Mach number M, at the Wilson point can be formulated as

m
P=—"2 <P, <. 33
Tyt T (33)

Increasing cooling rates at constant initial state result in
higher onset Mach numbers M, (Fig. 5). Equation (33) implies
the limit of stability at M. = 1. For condensation of water vapor
in atmospheric air the parameter a was determined by Schnerr
[46-48].

(34)

aT %0.3010
a=0.0498 - <—a (K/cm)) .

If 2-D and 3-D flow pattern dominate, the previous slender
nozzle approximation is no longer valid and the location of the
condensation onset depends on the characteristic angle ¢

o=p—a, (35)

p is the angle between the isentropic iso-Mach line and the
velocity vector at the onset, and o is the Mach angle (see Fig. 6).

If 6 > 0 close to local Wilson point conditions, weak wave
interactions alter the flow structure only downstream of the
condensation onset, as seen in Fig. 7. With increasing wall
curvature the so-called X-shock becomes more distinct. It is
caused by the intersection of characteristics of the same family.
Obviously, the onset front of the parabolic white compression
zone is not affected by these weak oblique shocks.

If 5 < 0 close to the local Wilson point, strong wave inter-
action alters the flow structure completely, including the loca-
tion of the condensation onset. Close to the throat the
condensation onset regime separates into parts (Fig. 8). In
terms of gas dynamics, here the so-called subsonic heating
fronts dominate.
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M11. Fig. 4. Equivalent 2-D plane circular arc Laval nozzles with constant characteristic length / = (y*r*)

gradient (—dT7/dx)* (K/cm) at the nozzle axis.

oo = O o

=y

M11. Fig. 5. Condensation onset Mach number M, according to
Eq. (33) - effect of absolute temperature gradient (—d7/dt)* (K/cm) -
nozzle geometry; Ty; = const, po; = const.

M, = M, = const.

M11. Fig. 6. Characteristic angles at point | - Wilson point - of a
streamline with iso-Mach line M. = const. and isentropic character-
istic &; «-Mach angle, f-angle between velocity vector at point | and
Iso-Mach line M= const., 5-characteristic angle.

m

No.5

No.6

1/2

- with constant temperature

M11. Fig. 7. Effect of wall curvature on 2-D homogeneously
condensing flow with evolution of X-shocks in equivalent nozzles
according to Fig. 4 and at approximately constant reservoir
conditions; experimental Schlieren picture, flow from left, humid
atmospheric air.

From top: nozzle S2 y* = 15 mm, r* = 400 mm; @, = 36.4%,

To1 = 296.6 K, X = 6.60 Gyapor/KQary i N0ZZle BAIl y* = 30 mm,

r* =200 mm; ®q = 36.6%, To1 = 300.3 K, x = 8.30 gyapor/KQary airs NOZZlE

S1y* =60 mm, r' =100 mm; ®q = 37.2%, Ty; = 295.0 K, x = 6.20

gvapor/kgdry aire
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M11. Fig. 8. Complex interaction of pressure waves with
homogeneous condensation in well curved circular arc nozzle S1;
experimental Schlieren pictures, flow from left, relative humidity
@, increases from top.

From top: ®g = 62.2%, Toy = 288.8 K, x = 7.0 gyapor’kQary air

Do = 63.2%, To1 = 293.0 K, X = 9.2 Gyapor’kGary air; Po = 71.3%,

Tor = 286.8 K, X = 7.0 Gyapor/kGary air-

The limiting curve 6 = 0 separates these flow regimes. For
y*/r* < 0.3 transonic condensation onset fronts predominate
that remain undisturbed (Fig. 9).

If supersaturation in disperse two-phase flow mixtures
increases again due to further expansion of the flow, a secondary
nucleation zone establishes with quantitatively the same

25 T T Ll T T T
Nozzle 6
6>0
20 Nozzles
M, 1,23 - .
15k Nozzle 5 i “*f}?ﬁ? %@%% &3 .
Nozzle 4
1.0
0

M11. Fig. 9. Limiting curve é = 0 dependent on wall curvature
parameter y*/r* of circular arc nozzles - isentropic flow.

nucleation rate as in the primary zone [49]. Further grow of
these additional nuclei to larger droplet size is not possible and
the primary droplets dominate the condensate mass (Fig. 10).

In multistage turbomachinery multiple expansion and com-
pression of the fluid are typical. If the fluid condenses in the
flow through a first blade row and if it evaporates partially
weakly or instantaneously through aerodynamic shocks, ahead
of the following stage the fluid consists of vapor and pre-
existing very tiny droplets — fog, with high number concentra-
tions typical for homogeneous nucleation, 5-8 orders higher as
compared with natural heterogeneous particle concentrations.
This high droplet concentration produces a much higher con-
densate mass fraction, even if the cooling rates of the primary
and secondary expansion zones are equal. Figure 11 demon-
strates this phenomenon by a simplified flow model over a wavy
wall with homogeneous nucleation in two local supersaturated
regimes [50]. The first aerodynamic shock weakens with in-
creasing distance from the wall. Close to the wall the shock is
strong and the condensate evaporates completely, and the pres-
sure and temperature return to unsaturated state. In far distance
the shock is very weak but the supersaturation ahead of the
shock is not high enough for substantial homogeneous nucle-
ation and condensate formation. In between there is a regime
where tiny droplets survive passing through the shock. If this
fogy layer enters the second expansion zone the droplet size
increases instantaneously, and the droplet size and condensate
mass fraction increase up to one order higher as in the primary
zone. Another example of multiple condensation in a low-
pressure steam turbine stage is shown in Fig. 16.

3.2 Unsteady Phenomena - Self-excited

Flow Instabilities

High initial vapor contents and low cooling rates —d T/d¢ (K/ps)
shift the location of the Wilson point close to M, = 1 with
thermal choking, the limit of stability. Then self-excited high
frequency oscillatory instabilities start [51-58]. The sequence of
Schlieren pictures in Fig. 12 visualizes one cycle of the interac-
tion of the moving shock with the nucleation zone. The shock
enters the nucleation zone and reduces instantaneously the local
peak value of the nucleation rate (Fig. 13). If the shock
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M11. Fig. 10. Homogeneous condensation in 2-D plane Laval
nozzle S1 y* =60 mm, r* = 100 mm, atmospheric moist air, flow from
left; reservoir conditions: @y = 71.3%, Ty, = 286.8 K, po; = 1.0 bar,
x=70 gvapor/kgdry air.

From top: homogeneous nucleation rate J within primary and sec-
ondary nucleation zone; condensate mass fraction g/gmax diabatic
compression (Pgiabatic — Padiabatic/Po1); €xperimental Schlieren picture,
visualization of density gradients in main flow direction.

10 14 18
logygJ [m=3s™]

M11. Fig. 11. Periodic homogeneous condensation in transonic
flow over a wavy wall with incomplete evaporation of condensate
through the first shock; inviscid flow simulation, atmospheric moist
air, flow from left with M;, e = 0.74, thickness parameter of first
bump 74 =0.1096 and of second bump 7, = 0.1; reservoir conditions:
@y = 50.0%, To; = 293.15 K, poy = 1.0 bar, x = 7.36 Gyapor/KQary air-

approaches the throat region this interaction intensifies rapidly
and is maximal exactly at the nozzle throat. Here, the nucleation
rate decreases instantaneously 5 orders — lowermost picture of
Fig. 12. In the next instant supersaturation and nucleation rate
recover once again and a new shock of the following cycle builds
up — first picture on top of Fig. 12.

Depending on the flow topology there exist different types
of self-excited instabilities caused by homogeneous condensa-
tion. Figure 14 shows the frequency dependence of three differ-
ent nozzle shapes on the relative humidity in the supply.
Intuitively one would expect that the oscillation frequency
increases monotonically with the vapor pressure content in
the supply. As seen, this is not true for the quasi 1-D nozzle
S2. At the limit of stability and with increasing vapor content
the frequency decreases toward a sharp minimum and then it
increases monotonically with the initial vapor pressure. Higher
nozzle wall curvatures (nozzle S1) shift the limit of stability to
higher values of @,. If the scale of the temperature gradient
varies substantially as for the nozzle Al with parallel outflow
with constant Mach number M = 1.2 at the nozzle exit, the
topology of the frequency variation changes completely. Char-
acteristic are two separated branches of low and high
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M11. Fig. 12. One cycle of self-excited oscillation with frequency
f = 1145 Hz of homogeneously condensing flow in 2-D plane Laval
nozzle S2 y* =15 mm, r* = 400 mm; experimental Schlieren pictures,
atmospheric moist air, flow from left, time increases from top;
reservoir conditions: ®y = 91.0%, Ty, = 291.65 K, pg; = 1.0 bar,
x=95 gvapor/kgdry air

frequencies and a hysteresis in between. Because of the
sudden increase of the frequency by a factor of 2 or more,
this higher order instability is of great practical importance.
It was first detected by Adam and Schnerr [59-61] and its
existence could be confirmed for a wide variety of nozzle shapes
for flows of pure vapor [62] as well as for vapor/carrier gas
mixtures [63].

The oscillation frequency f depends on the reservoir condi-
tions, the time scale of the flow, defined by the geometry of the
problem, and on fluid properties. In case of nozzle flows this
results in

f == Fl P017 TOl)pvap,07 psat,oo,Oa l7 )’*» Cpa Cvap7 La Te (36)
~~

reservoir state geometry fluid

Using the Buckingham theorem and with the characteristic
length I = /y*r* this can be reduced to

g"’gmax |°Qlo J
P/Poy [m3s7]
1 __ [ 9 Grmax ~25
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M11. Fig. 13. One cycle of self-excited oscillation in nozzle S2

according to Fig. 12, numerical simulation of static pressure ratio

p/po1, nucleation rate J (shaded area) and of condensate mass

fraction g/gmax at the nozzle axis. The lower expansion curve

starting at the ordinate at left depicts the steady-state adiabatic

expansion.
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M11. Fig. 14. Dynamics of periodic shock formation and self-excited flow oscillations of homogeneously condensing flow in 2-D plane

nozzles; inviscid numerical simulation, atmospheric moist air.

From top: circular arc nozzle S2 y* = 15 mm, r* = 400 mm; circular arc nozzle S1 y* = 60 mm, r* = 100 mm; nozzle A1 with parallel outflow

Misentropic =1.2,y" =45 mm, r = 300 mm.
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If the fluid is the same and if the flow starts at constant reservoir
conditions for pressure and temperature this yields

i 1.
f:f* :F3(®07—>,
T

. (38)

where 7. and 7 are the characteristic time scale of phase transi-
tion and of the flow, respectively. For quasi 1-D nozzles with
distinct frequency minimum the similarity law for the reduced
frequency f dependent on the value of ®g i, at the frequency
minimum reads [59]

f-1

C*

J? = =F ((DO - cDO,min)~ (39)
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In axial turbomachinery there exist additional excitation
mechanisms such as periodic blade wake oscillations and rotor
stator interactions [64]. The first mechanism is driven by shed-
ding of shear layers from each blade trailing edge, whereas
the second type concerns the convection of wakes with high
dissipative losses and therefore with high temperature fluctua-
tions from the stator into the rotating frame of reference. In
contrast to the previously described self-excited instabilities
both mechanisms are clearly driven by the fluid viscosity. If
the origin of the shedding locates within the highly supersatu-
rated regime with maximum nucleation rates, this source pro-
duces pressure and temperature fluctuations that interfere with
nucleation dynamics within the blade-to-blade flow and triggers
the instantaneous growth of the droplet size behind the blade
row. This phenomenon is called wake chopping [65]. Figure 15
shows an example of turbulent vortex shedding behind a VKI 1

M11. Fig. 15. Vortex shedding from trailing edge of axial VKI-1
turbine cascade, homogeneously condensing turbulent flow of pure
steam; flow data: To; = 357.5 K, po; = 0.417 bar, cascade inflow angle
1 =120°, rotor exit pressure p, = 0.194 bar, Re = 1.13-10°, vortex
shedding frequency f,s = 22.5 kHz, Strouhal number St = 0.22.
From top: instantaneous numerical Schieren picture; instantaneous
droplet radii distribution triggered by unsteady wake flow.

rotor blade. The strongest time-dependent variation of the
nucleation rate happens just at the blade trailing edge and
is of two orders of magnitude from J = 10 m~3 st ill 1077
m > s~'. Close to the wake the droplet diameter increases
periodically by a factor of 2 [63].

In case the nucleation and droplet growth had already begun
in the stator, as seen in Fig. 16, the subsequent further growth of
droplets in the disperse mixture in the rotor happens close to
equilibrium S =& 1. Despite the fact of the high cooling rate of
the flow of O (1) nonequilibrium losses remain negligible, but
the final maximum droplet size is much greater as without
artificial seeding. Here, homogeneous and heterogeneous con-
densations are directly coupled, and due to the high concentra-
tion of seeding particles the phase transition process is
dominated by heterogeneous condensation close to thermody-
namic equilibrium [66].

9hom * Ghet
Fet [um]

0
0

M11. Fig. 16. Rotor/stator interaction in condensing steam flow
with artificial seeding through axial VKI-1 stage, numerical
simulation of heterogeneously dominated condensing turbulent
flow; flow data: To; = 357.5 K, po; = 0.417 bar, cascade inflow angle
f1=120°, rotor exit pressure p, = 0.194 bar, My isentropic = 1.13,
Reérotor = 1.13-10°, vortex shedding frequency f, = 22.5 kHz,
Strouhal number St = 0.22, initial particle number concentration
Nheto = 10'® m™3, seeding particle size rpe; = 10 5m.

From top: total condensate mass fraction - dominated by hetero-
geneous growth; snapshot of heterogeneously controlled droplet
size within stator and rotor.



Spontaneous Condensation and Cavitation

1405

33 CFD Modeling for Calculation of

Condensing Flows

Numerical simulation of fluid mechanics requires the solution
of the conservation laws for mass, momentum, and energy
[63, 65]. If phase transition of the fluid takes place either by
homogeneous or by heterogeneous condensation, closure of the
set of conservation laws in differential form requires additional
equations for modeling of nucleation, droplet growth, and for
the transport of the condensate mass. In case of the classical
nucleation theory coupled to appropriate droplet growth laws
according to different Knudsen regimes Kn = A/d > 1 or with
Kn < 1, the general form of the transport equation yields for any
condensation process
9(pg)

~ dg
“\FS) . =p = quurce erm, condensation - 40
ot v (pgv> Prgy T Fowee erm, condensat .

For homogeneous condensation this takes the form

d ~
a(pghom) +V- (pghomv)

_4 3 d (4 (41)
- gnpliqrh()m]hom + pliqpnhom ' a gTET’hom ,

0 ~
E(ﬂnhom) + V. (P”homV) = ]hom

with the homogeneous nucleation rate according to Volmer
et al.

pvap)z 1 2k0 s dnr2 o
om = N cexp( — Thom%0) - yp
Jn (kT g 7R 3kT (42)

For heterogeneous condensation [67-70] the transport equation
reduces to

0 . d /4

57 (P8her) + V- (pgher?) = prghhes - - (g mﬁet>-
In case of Kn > 1, if the mean free path A is larger as the
droplet size d, for droplet growth the Hertz—Knudsen law [36]
is appropriate

d? _ o pvap - Psat,r

a B pliq vV 2713RvapT ’

whereas in case of Kn < 1 and for pure vapor flows the modified
growth law of Gyarmathy can be used

(43)

drhom 1 1+ 2Kn 1—r*
dt py, r-(1+3.42Kn +5.32Kn’) r

Ava RVE. T2
Rt ) ().
(Mvap = hiq)

4 Cavitation

(44)

For evaporation of liquids two limiting processes can be de-
fined: boiling that means heat addition at constant pressure and
cavitation as adiabatic depressurization of liquids (Fig. 17).
Cavitation as dynamic phase transition from liquid to vapor
state is the natural counterpart to flow-induced condensation

)
& Critical point
Liquid
______ =/ Boiling
Cavitation
Vapor
Psa(T) ; P
Tsa! n
4 Non-equilibrium state
Triple
point
TT T
Superheat

M11. Fig. 17. Phase diagram with path lines for evaporation by
cavitation and boiling; comparison of isothermal and adiabatic
depressurization with final equilibrium temperature T'g,. T' is the
theoretical final temperature in case of substantial nonequilibrium.

processes as treated in Sect. 3. The temperature decrease during
adiabatic expansion of liquids is very low. One reason is the
exceptional great density difference of liquid and vapor phases,
for water at 293 K py;q/py,, & 50,000. As first approximation
cavitation can be regarded as isothermal process, especially if
pure liquid and pure vapor phases are modeled as incompress-
ible fluids. A significant difference concerns the existence of
nonequilibrium during the expansion. As seen in Sect. 3, in
expanding vapor flows homogeneous nucleation establishes
immediately, if the cooling rate excites a certain threshold.
Additional natural heterogeneous nuclei may be present but
they cannot alter the dominating homogeneous kinetics. Het-
erogeneously controlled processes become dominant if the cool-
ing rate is low enough and/or if artificial seeding provides so
many foreign additional surfaces, that substantial supersatura-
tion is prevented. The important quantity is the necessary work
for formation of clusters and critical nuclei which is substan-
tially larger for homogeneous nucleation in the single compo-
nent liquid bulk phase, provided that the liquid is artificially
purified, as compared to that for homogeneous nucleation in
the pure vapor phase [71-77].

Moderate convective acceleration of liquids depressurizes
immediately to vapor pressure and — in tendency — further
toward the so-called negative pressures, more precisely toward
tensile stress in the liquid. Except well-defined test configura-
tions, the practical cavitation threshold coincides with the equi-
librium vapor pressure at given temperature. Technical fluids
contain sufficient number concentrations of impurities such as
particles or microbubbles which act as heterogeneous nuclei,
and the intermolecular binding energy at least of artificially
purified single component liquids requires tensile stresses of
the order of 10> bar for homogeneous formation of microbub-
bles which is far beyond any observation in real processes.
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If expanding liquids contain dissolved gas, dispersion of the gas
starts immediately above the vapor pressure threshold. This
degassing process, usually called pseudocavitation, is continu-
ous and smooth compared with the instantaneous vapor for-
mation due to cavitation.

Cavitation plays an important role in turbomachinery —
pumps, turbines, ship propellers, in injection systems of
combustion engines, in chemical engineering, in medical
applications, and many others [78-81]. Depending on the pa-
rameter range the two-phase mixture implies a wide variety of
topologies. Most characteristic is the intense coupling of flow
and cavitation dynamics. Because of the strong gradients caused
by the collapse of the vapor-filled cavities these flows are always
3-D and unsteady.

Typical thermodynamic and fluid dynamic properties of
cavitating flow are

Piiq &~ O(1-10° bar),
T ~ 300-400 K

Puap = O(107>~1 bar)
piiq ~ 0(10° kg m™3)
Pvap = O(107%-1 kg m )

Initially single-phase liquid fluid

Void fraction

0<a<1

Speed of sound

c~0(1-103ms™)

Typically low or high flow speed

M =~ 0(0-10")

Heterogeneous nuclei
concentration

Nhet & 0(108 m™3)

Characteristic length scale

L~0(10*10"" m)

Characteristic flow time scale

t~ 0(107°-10"2s)

4.1 Types of Cavitation

The Bernoulli equation demonstrates immediately that moder-
ate acceleration of an initial flow with 1 bar and flow velocity up
to 14.3 m/s decrease the pressure to the vapor pressure at 293 K
with initiation of evaporation of the liquid fluid (Fig. 18).

The most important parameter to characterize such flows is
the so-called cavitation number

_ pref - Pvap(T)

O = T (45)

For cascades this takes the form

Pdownstream — pvap(T)
Oref = .

Pupstream — Pdownstream

(46)

For a hydrofoil placed in an open water channel at distance
h below the free surface with pressure p above and with the
inflow velocity w, this yields

P+ P1g8h — Puap(T)

1 2
2 PligW

Oref = (47)

and for pump flow
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M11. Fig. 18. Estimation of cavitation onset at p = pyap (Tsat) in 1-D
nozzle flow based on Bernoulli equation.

with u,, as the rotational velocity at the outer diameter of the
rotor. The definition of appropriate reference values, denoted by
the subscript “ref,” depends on the application under consider-
ation and on the data that are available. Mostly, g..¢ is defined
based on the inlet conditions. The vapor volume is character-
ized by the void fraction

Vva
AL (49)
Vvap + Vliq
and the vapor mass fraction x is defined by
_ Myap op vap ( 5 0)

Myap + Miiq B o(pvap + (1 - a)pliq .

The Strouhal number is used for description of the shedding
dynamics of sheets and clouds

_fl

St ,
Wref

(51)
I is the typical length of the body or of the cavity itself.
If viscosity plays a role, the dimensionless parameter is the
Reynolds number

(52)

with v as the kinematic liquid viscosity independent of the fact
that in two-phase mixtures the viscosity decreases significantly.
For characterization of pre-existing heterogeneous microbub-
bles the nuclei size 7, and the number concentration #, (m™>)
are used.

Based on the topology of the distribution of liquid and
vapor phases the cavitating types can be distinguished as follows
(82, 83]:

Bubble cavitation: Typically, for fluids with larger dissolved air
contents, consisting of a small number of large bubbles, that are
convected with the main flow (Fig. 19, top).
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M11. Fig. 19. Evolution of cavitation topology at the suction side of
a 2-D hydrofoil, flow from left, experiment Kuiper [110].

From top: traveling bubble cavitation; sheet cavitation; and cloud
cavitation.

Sheet cavitation: Typically, at the leading edge of hydrofoils and
propeller blades, a dispersed mixture of tiny vapor bubbles and
liquid forms an attached sheet which becomes locally unstable
in the collapse region (Fig. 19, middle).

Cloud cavitation: The entire cavitation regime consists of many
small bubbles, large disperse two-phase mixtures grow up peri-
odically, disperse clouds shed with high frequency from blade
surfaces and collapse downstream — Fig. 19, bottom and Fig. 20,
top. Concerning erosion, this is the most aggressive type.
Supercavitation: The vapor formation intensifies further, the
blades or bodies are surrounded by large stable pure vapor
pockets, and the solid bodies can become completely sur-
rounded by vapor with significant reduction of viscous drag
forces — Fig. 20, bottom.

Vortex cavitation: The characteristic pressure drop in vortex
cores results in evaporation of the fluid in the core region,
typically for ship propellers. Here, the collapse regions separate
from solid walls and the erosion potential is less critical.

Based on the integral void fraction produced by cavitation the
topology of these flows can be distinguished as

Incipient cavitation: Just the “onset” of cavitation with very low
vapor formation, either as few single bubbles or as very thin
attached sheets, not yet relevant for erosion. Modeling requires
accurate parameter values of 1y, 1y, the Reynolds number Re,.p,
and the degree of turbulence Tu.

Developed cavitation: Dominant is the strong unsteadiness of
this type of flow, combined with chaotic cloud shedding and
strong shock formation during collapse of the clouds.
Concerning erosion, this is the most dangerous cavitation
type, in technical applications such as turbines, pump flow,

M11. Fig. 20. Cloud cavitation and supercavitation, 2-D NACA
16012 hydrofoil, chord = 0.1 m, Rechorg = 6-10°, experiment Franc
and Michel [111]. Top cloud cavitation 6° angle of attack, ,ef = 0.81;
bottom supercavitation 15° angle of attack, o,s = 0.13.

this is the predominating mechanism, it is inertia controlled,
viscosity effects are less important and can be neglected.

Supercavitation: Maximum void fraction with extended pure
vapor regimes, liquid and vapor are separated by sharp inter-
faces, steady with exception of the closure region of the cavity.

4.2 Developed Cavitation

Because of its practical importance developed cavitation is in
focus of this chapter. It is always 3-D, unsteady and dominantly
driven by inertia-controlled nonviscous effects. At global scale
the flow can be regarded as periodic or cyclic. However, small-
scale dynamic phenomena are chaotic. Modeling requires the
formation and growth of disperse sheets, break-off and frag-
mentation of macroscopic clouds from the sheets, and the
accurate description of the collapse dynamics, starting from
large cloudy structures down to the scale of single bubbles. If
the erosion mechanism is in focus, it is necessary to resolve all
time scales of the problem including shock dynamics based on
the liquid speed of sound of the order of 1,500 m/s. Averaged
quantities based on reduced time scales are sufficient for calcu-
lation of performance and efficiency of hydraulic machinery.

4.3 Modeling of Developed Cavitation

4.3.1 Modeling of Single-phase Basic Flow

Because of the intensive coupling of single-phase basic flow and
cavitation dynamics accurate modeling of the basic flow is
important. Incompressible assumption for pure liquid and
pure vapor phases excludes the dynamics of shocks and
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expansion waves emerging at the final stage of the bubble
collapse. To account for these aspects the compressibility of
liquid and vapor must be modeled and the time stepping of
the simulation must account for all time scales in the collapse
region, molecular viscosity and turbulence can be neglected.

4.3.2 Modeling of Two-phase Flow

Except the very last instant at the final stage of the collapse, the
assumption of equilibrium thermodynamics is accurate and
nonequilibrium effects can be neglected. Phase boundaries can
be modeled as sharp interfaces by direct tracking of the interface
or by approximate methods that capture interfaces (VOF —
Volume of Fluid method) by the discrete distribution of the
void fraction o [85]. If dealing with developed cavitation it is
impossible to capture the interfaces of every single bubble of the
disperse mixture. Instead of separate models for simulation of
the liquid and vapor phases or of sheet and cloud cavitation
with the need of an additional transition model in between, the
homogeneous mixture model is more promising. This model
requires only one set of conservation equations for mass mo-
mentum and energy, the density, void fraction etc., are modeled
as mixture quantities. The transition from disperse two-phase
regimes to pure vapor with o = 1 establishes automatically by
the void fraction variation (Fig. 21).

The growth and collapse of the vapor phase can be modeled
according to equilibrium thermodynamics. This requires ap-
propriate equations of state for all regimes, liquid, vapor, and
of the two-phase mixture regime. The alternative is the use of
well-known equations for bubble dynamics, e.g., the Rayleigh—
Plesset equation [82, 84]

Interface

Viiquid VoF

0.7 - Viiquid
0.3 * Viiquid
ng nuclei Growth Further growth

Finite
dispersion
bubbles

o> 0 o> 0y
Homogeneous

dispersion

M11. Fig. 21. Alternative modeling of two-phase flow within a
computational cell. Rows: top: stratified two-phase flow - interface
Volume of Fluid (VoF); middle: bubbly two-phase flow - finite
dispersed model; bottom: homogeneous mixture — small-scale
structure excluded. Columns: left small void fraction o ~ 0; middle:
mode void fraction o ~ 0.3; right: high void fraction o, = 0.7.

7 +§f‘2 _ Psat — Pao(t) +pgas.0 ) (2)37_ 205 _ 4771iqz7 (53)
2 pliq pliq r pliqr pliq r

neglecting nonlinear terms, the gas content, surface tension and
Miiq in Eq. (53) yields the Rayleigh equation

L U] (54)
de 3 Piiq

Additional models are necessary to account for the interaction
of bubbles in dispersed bubbly clouds [85]. As variants of
Eq. (54) in the literature there exist many empirical modifica-
tions, typically in commercial CFD tools, to account for differ-
ent time scales of evaporation and condensation. However, such
corrections are only valid in a limited range of operating con-
ditions and not generally valid.

4.3.3 Modeling of Phase Transition

Neglecting molecular transport by viscosity and heat conduc-
tion the latent heat exchange, necessary for evaporation, is
provided within the liquid bulk. Therefore, if the flow is isen-
tropic at the inlet it remains isentropic throughout the evapo-
ration, only the shock-like collapse produces strong vorticity. In
equilibrium thermodynamics isentropes terminate inside the
two-phase regime at the triple line. Therefore, isentropic evapo-
ration is always incomplete, but quantitative effects on the void
fraction o are negligible (Fig. 22).

In two-phase regions the speed of sound decreases by several
orders of magnitude. For two-phase mixtures without phase
transition the well-known result of Wallis [84] is appropriate
(Figs. 23 and 24)

p[Pa]
108+ critical
105}
104}
) e e X
triple line T=273.16 K 'x=0.03239\_T=293.15K
102k o= 0.99986
v=6.7 m%kg
1078 107" 10! 10°  v[m%kg]

M11. Fig. 22. p, v-diagram with two-phase regime and isentropic
depressurization from pure liquid phase till maximum liquid

mass fraction x = 0.03239 and maximum void fraction o = 0.99986 at
triple line.
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M11. Fig. 23. Equilibrium speed of sound c for two-phase mixtures
without phase transition according to Wallis [84] — not valid for
cavitating flows in thermodynamic equilibrium.
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M11. Fig. 24. Strong decrease of equilibrium speed of sound c in
two-phase mixtures without phase transition for small void fractions
a < 1073 - zoom of Fig. 23, not valid for cavitating flows in
thermodynamic equilibrium.

1 o 1—«o

2= 2 7
pc P vap Cvap p liq Cliq

(55)

In two-phase mixtures with phase transition, as in cavitating
flows, the speed of sound decreases suddenly through a kink at
the left-hand phase boundary, then it increases monotonically
with increasing void fraction o [Eq. (56), Figs. 25 and 26 [82,
85]]. The extreme decrease of the speed of sound in disperse
mixtures is important for the understanding of the propagation
of waves and shocks in cavitating flows
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M11. Fig. 25. Equilibrium speed of sound c in two-phase mixtures
with phase transition with a distinct kink at the left-hand phase
boundary, sudden decrease of ¢ below O (1 m/s), and monotonic
increase with increasing void fractiono, appropriate modeling for
cavitating flow in thermodynamic equilibrium. Comparison of the-
oretical prediction of Franc and Michel [82] with numerical data [90].
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M11. Fig.26. Temperature dependence of the equilibrium speed of
sound c for cavitating flows according to Fig. 25
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Homogeneous nucleation
Homogeneous nucleation can be modeled based on molecular
dynamics [72] or by applying the classical capillary theory as
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known from condensation in vapor [73]. Assuming purified
single component liquids yields necessary supersaturation ratios
S, i.e., tensile stress in the liquid of the order of 10° bar. In
practice such extreme conditions have never been observed. In
nucleating vapor flow the quantitative contribution of homoge-
neous and heterogeneous growth depends directly on the time
scale of the flow. In micronozzles of injection systems depres-
surization from O (10° bar) down to O (1 bar) establishes
typically within a few microseconds. This raises the question
of the nature cavitating kinetics under such conditions that is
unknown until now.

Heterogeneous nucleation

Because of the uncertainties and also because most of the liquids
used in technical applications consist of large concentrations of
natural impurities, heterogeneous modeling is dominant. Sub-
stantial tensile stress is avoided by appropriate values of the
parameters 7, ~ 107’—10"® m and the number concentration
1y =~ 10°~10° m . Inclusion of the surface tension is important
for nuclei radii < 107° m, and it tends to decrease the cavitation
threshold beyond the thermodynamic vapor pressure. Because
pre-existing microbubbles are never monodispersed, this means
that activation of nuclei begins at larger scales.

Equilibrium phase transition

The closure of disperse models requires quantitative values
of all model parameters. Because these models approach equi-
librium in most of the practical applications, it is reasonable
to avoid uncertain details of these models completely and to
assume thermodynamic equilibrium throughout. Physically,
this means that real systems consist of sufficient high concen-
trations of foreign nuclei that initiate phase transition at S~ 1.
The great advantage of such a thermodynamic model is the fact
that it avoids all additional free parameters that are usually used
for “artificial” fitting of experiment and numerical data. The
system of conservation equations is closed by the equations of
state in the different regimes, and the accuracy of the equili-
brium model depends only on thermodynamic data. For water,
IAPWS [87] provides an exceptional detailed and accurate
database.

4.4 Hydrodynamic and Wave Dynamic

Phenomena

Unsteady compressible flows in thermodynamic equilibrium are
controlled by two separate time scales. The first is determined by
the convective transport of the fluid, the flow velocity w that is
rather low in liquid flows, typically O (1 m)-O (10 m). The
second is determined by the speed of sound c of the fluid that
controls the propagation of shocks and expansion waves and
varies in a wide range from O (10° m/s) to O(107" m/s),
dependent on the local void fraction a. In high pressure injec-
tion systems, wave dynamics and convective transport control
cavitation dynamics simultaneously. Understanding of the main
driving mechanism for erosion without considering shock and
wave dynamics is impossible. In hydraulics, the phenomenon
of sudden pressure waves, e.g., caused by instantaneous closing
of valves is known as water hammer or Joukowski shock.

Toycle  1.6-107°s
foycle ~ 61 kHz

0 0.5 x[mm] 1

M11. Fig. 27. One cycle of unsteady and asymmetric high
frequency void fraction formation in cavitating flow trough 2-D
plane injection nozzle; inviscid flow modeling, numerical simulation,
Teydle = 16107 5, foyie = 61 kHz; water as test fluid, Tiner = 293 K,
Pintet = 80 bar, pout,mix = 26 bar; Atcep = 1077 s, second-order
accurate discretization in space and time.

Phenomena such as sonoluminescence are essentially based on
wave dynamics without convection. The amplitude of pressure
waves Ap depends on the acoustic impedance pc, whereas the
convective pressure variation depends on pw:
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Waves Apxpe-Aw This comparison demonstrates the intensity of the wave
Convective flow Ap = pw - Aw impact on blade surfaces etc. in pure liquids even in case of
low convective transport velocities of 1-10 m/s [88, 89, 91].
Pyap = 0.02 kg/m? Cyap = 400 m/s Toap = 293 K } oc { 8.0kg/m?s  vapor
piq = 10° kg/m® Cjq = 1500 m/s Tiq=293K 1.610%g/m?s  liquid
4.4.1 Collapse Dynamics and Erosion
Aw [m/s] APiiq [bar] APvap [bar] Mecha n is m
Waves 1 15 8107
10 150 8102 w=15mis . . . . .
) 1510 8106 Figure 27 is an example of the unsteady void fraction evolution
Convective flow 10 s .10-5 in a 2-D plane microchannel, scale and pressure difference are
t=1.99210"s -y
Otgnin = 0.001
Prmax = 314 bar
0.2 V=150 m/s

B TTTEARRR AR RUATALI

0 ' ' ' 05 ' ' ' 1 x[mm]

M11. Fig. 28. Instantaneous formation of a strong circular shock after violent vapor cloud collapse in the nozzle bore hole with
Maximum pressure prmay = 314 bar; Tiet = 293 K, Pinter = 80 bar, pousmix = 26 bar; Atcep = 1077 s, second-order accurate discretization in space
and time.

Tinlet = 293 K
Pinjet = 80 bar
Pout,mix = 26 bar

y [mm]
o

V=150 m/s|

Oppin = 0.001
o t=2.330-10"*s

(o)}

-2 —1 0 x[mm)”
p [bar]
E O
0 75 150

M11. Fig. 29. Instantaneous formation of a strong circular shock after violent cloud collapse in the cavitating shear layer of the outflow
domain, maximum pressure pmax = 264 bar; p;, = 80 bar, pout = 26 bar, T, = 293 K; Atcep = 107 s, second-order accurate discretization in space
and time.
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M11. Fig. 30. Radial pressure decay after collapse-induced shock formation at the leading edge of a 2-D hydrofoil 2-D plane NACA 0015

hydrofoil at 6° angle of attack; Winiec = 12 M/5, Tinet = 293 K, Poutmix = 0.74 bar, ,e¢ = 1.0; Atcrp = 107 s, second-order accurate discretization in
space and time.

0 002 004 006 008 01 042 014
p[bar] £l
e
0 1 2 3

M11. Fig. 31. Radial pressure decay after collapse induced shock formation at the trailing edge of a 2-D hydrofoil 2-D plane NACA 0015

hydrofoil at 6° angle of attack; Winjet = 12 M/5, Tinet = 293 K, Poutmix = 0.74 bar, a,er = 1.0; Atcep = 107 s, second-order accurate discretization in
space and time.

Solid wall

Erosion

M11. Fig. 32. Sketch of the empirical idea of erosion mechanism driven by liquid jet impact during single vapor bubble collapse close
to solid walls.
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Initial sphere

M11. Fig. 33. Asymmetric collapse of a liquid embedded vapor
bubble close to solid surface, 10 instants in time; h/rg is the
normalized distance of the bubble center from the wall, ry is the
initial bubble radius, as given in the theory by Plesset and
Chapman [112].

representative for injection nozzles. The strong expansion at the
inlet initiates cavitation with local void fractions up to o = 1.
The instability of the flow is obvious, and the topology does not
show any symmetry. Corresponding to the void formation,
Figs. 28 and 29 show two instants with shocks inside the channel
and outside. Both shocks evolve from local collapse events. The
maximum intensity with 264 bar is about one order higher O
(10° bar) as the average pressure outside of 26 bar. The real
maximum intensity is at least one order higher, but the resolu-
tion of the numerical simulation is limited by the grid size.
The interesting question in focus of this application is, how
shocks interfere with the turbulence of the liquid jet, and can
this interaction improve spray characteristics?

Figures 30 and 31 depict shocks emerging from the leading
edge and from the trailing edge of a hydrofoil. In addition to
their potential for erosion they produce instantaneous loads on
the blade surface with strong variations of lift and drag [89-94].

The classical erosion model (Fig. 32) presumes the impact of
a liquid jet during the bubble collapse as the main source of
erosion. Fig. 33 shows the asymmetric deformation of an initi-
ally spherical bubble close to a wall, in detail [85]. The numeri-
cal simulation (Fig. 34) reproduces this analytical result
accurately, and Fig. 35 demonstrates the exceptional strength
of shocks emerging from the focus. In the violet region the
pressure is about 4,000 bar. The last picture of Fig. 34 corre-
sponds to the instantaneous shock evolution of Fig. 35.

4.5 CFD Techniques for Calculation of
Cavitating Flows

Most of the CFD tools for simulation of cavitating flows are
pressure based. Such methods are typical for incompressible flow

M11. Fig. 34. Numerical simulation of the asymmetric collapse
of a liquid embedded vapor bubble close to solid surface,

4 instants in time, ty =0, t; = 1.59 x 107 s, t, = 1.71 x 107 s,
t; = 1.76 x 107 s, initial bubble radius ro = 5 x 107 m, collapse
time teoliapse = 1.74 X 107° s, liquid pressure far from the bubble
surface pjiq = 10 bar, pressure within the bubble p,,, = 0.023 bar;
Atcep = 61077 s, second-order accurate discretization in space
and time.
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simulations. Extension to compressible flow applications is pos-
sible but not as effective and not as accurate as density-based
methods that can resolve all scales of wave and shock dynamics
effectively [95]. However, due to the physically determined
small time steps CPU time requirements to perform such simu-
lations are high and therefore not available in commercial codes.

It is interesting to note that the set of conservation equations
for simulation of cavitating flows is quite similar to that for
calculation of condensing flows [Eqs. (40—44)]. The transport
equation for the mass fraction x reads

9(px)
ot

R dx
+ V- (va) =p- a - Fsource term, cavitation- (57)

Assuming homogeneous nucleation in cavitating flows, which is
rather unclear — how to determine accurately the homogeneous
nucleation rate J;,,,,, — would result in

0 L 4 .
ot (P%nom) + V(pXhomV) = 5”pvap rhzm]hom
ifh (58)
+pvappnh0m a <§ Tﬁ‘hom) ’
0 -
E (pnhom) + V(PﬂhomV) = ]hom-

Application of the dispersed two-phase model for the determi-
nation of vapor contents leads to the following source term

d R Ny d /4 3
e Pe) £V (03a¥) = by T s (3>

(59)

Assuming equilibrium phase transition reduces this set of con-
servation equation substantially. Then the transport equations

oot [l T
0 5 200

M11. Fig. 35. Visualization of instantaneous static pressure rise
behind shock in the meridian plane according to the last picture
of Fig. 34, maximum pressure p., = 4,000 bar at time instant
t;=1.76 x 107 s; Atcpp = 6 X 107 s, second-order accurate
discretization in space and time.

6,000

can immediately be replaced by the algebraic equation of state of
the pure phases and of the two-phase mixture region.

5 Aerosol Formation in Gas-Liquid
Contact Devices

5.1 Phenomena and Scope

In gas-liquid contact devices such as absorbers, scrubbers,
quench coolers, evaporators, and condensers, aerosols can be
formed by spontaneous condensation or desublimation in su-
persaturated carrier gas—vapor flows. In contrast to the adiabat-
ic expansion (Sect. 3) or cavitation (Sect. 4), supersaturation in
gas-liquid contact devices may appear caused by a different
mechanism: excluding chemical reactions in the gas phase,
supersaturation can arise if the dew point line is intersected by
the process trajectory, describing the change of state of the
flowing gas due to simultaneous heat and mass transfer between
both phases [3]. Figure 36 shows typical saturation curves along
the interfacial area A of a gas-liquid contact device. Supersatu-
ration in gas-liquid contact devices is a local phenomenon
which vanishes again if the interfacial area tends versus infinite
values. In this case, the thermodynamic equilibrium between
both bulk phases is reached (S = 1). If nucleation and conse-
quently, fog formation take place the saturation ratio of the gas
phase decreases rapidly, and the growth of aerosol droplets is
finished if values of S close to 1 are reached.

Supersaturation and fog formation especially may occur if
high-strength inorganic acids such as HCl, HBr, HNO;, and
SO; (H,SO,) are absorbed in aqueous solutions, as well as if
pure components or mixtures are condensed or evaporated in
the presence of inert gases. The inert gas plays an important
role: On the one hand, it causes a diffusion barrier which
promotes supersaturation, and on the other hand, it serves as
carrier medium for the aerosol droplets which are formed by
nucleation and growth in the contact device.

The undesired aerosol formation in gas-liquid contact
devices is a well-known phenomenon in the industry for
more than 60 years. It has been described and explained in
various publications [96, 97, 98], whereas the main emphasis

Without spontaneous
condensation

1/

With spontaneous condensation

Gas-liquid interface A

M11. Fig. 36. Typical curves of saturation versus interfacial area
A of gas-liquid-contact devices for processes with and without
nucleation.
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is on condensation processes. Recent overviews on aerosol for-
mation in absorption or wet scrubbing processes are given by
Schaber [3, 34], Haep [99], Ulbrich et al. [100], Wix [31], and
Brosig [101].

According to the scope of the VDI Heat Atlas, the follow-
ing sections are focused to fog formation in condensation
processes.

5.2 Modeling and Simulation of Aerosol

Formation

Modeling of aerosol formation in an arbitrary contact device
requires the description of the competing heat and mass transfer
processes between gas and liquid phases on the one hand, and
between gas and dispersed phases on the other hand. Both
processes have rather different time scales, i.e., seconds for the
first process and milliseconds for the latter process.

Since the physical situation in real industrial gas-liquid
contact devices is far too complex for a detailed description
including hydrodynamics, thermodynamics, and particle dy-
namics various simplified models have been described in the
literature which are based on spatially one-dimensional flow
of both phases in contact with one another. The interfacial
area A has been chosen as an independent variable along
which temperature and concentration profiles as well as satu-
ration ratios of the bulk gas phase are calculated, using mainly
a rigorous description of heat and mass transfer according
to the film model. Homogeneous or heterogeneous nucleation
and droplet growth are described by the methods discussed
in Sect. 2. The simulation tools based on these models have
been evaluated by experimental investigations, and it has been
shown that the following basic assumptions are justified [31, 33,
99-102]:

(1) Spatially one-dimensional models including axial disper-
sion describe aerosol formation in packed columns suffi-
ciently well. This is due to the fact that radial saturation
profiles can be neglected in these devices.

(2) If heterogeneous nucleation takes place a monodisperse
description of the growing aerosol droplets is a rather
good approach for all contact devices.

(3) Processes with homogeneous nucleation require polydis-
perse modeling of the growing droplet fractions, especially
in those cases when the nucleation event takes place within
a larger interval of the saturation ratio S [31].

Aerosol formation may occur in a bulk gas phase as well as in a
heat and mass transfer boundary layer. Concerning the total
mass of aerosol droplets, the formation in a bulk gas phase is the
dominating phenomenon. Nevertheless, some investigations
show that aerosol formation in boundary layers may influence
heat and mass transfer rates [103, 104].

Most of all investigations cited above are concerned with
aerosol formation in absorption processes for the separation of
hazardous gas components by means of packed columns.
Although this topic is beyond the scope of the Heat Atlas,
most of these findings can be transferred to condensation and
evaporation processes discussed in the following section.

5.3 Fog Formation in Condensers and

Evaporators

The essence of supersaturation and fog formation in conden-
sation and evaporation in the presence of an inert gas can
be demonstrated and explained with a simplified plug flow
model suggested by Colburn and Edison [96] which allows to
calculate the process path, i.e., the change of state of the gas
phase during the process. A linear approach for heat and mass
transfer together with a differential mass balance yields after
integration and elimination of the interfacial area A the follow-
ing equation:

T— Ty "
pvap == (pvap,l - psat(Tsf)) {ﬁ} +psat(Tsf) (60)
with
%G 0.6
L= = Le™". 61
ﬂGCpGpG ( )

Le is the Lewis number Le = Ag/(pg ¢y D), where D is the
binary diffusion coefficient of the vapor component in the
carrier gas.

Equation (60) is based on the following assumptions:

(1) The surface temperature of the condensing liquid film or
the evaporating liquid can be considered constant along the
gas—liquid interface.

(2) Heat and mass transfer can be described with simple linear
transport equations, i.e., heat and mass transfer rates are
low.

(3) The Lewis number is constant along the process path.

Figure 37 shows typical process paths according to Eq. (60). For
infinite interfacial area A the process paths tend versus the film
surface temperature Ty In this case, the thermodynamic equi-
librium between gas and liquid phases is reached. For air—water
mixtures the Lewis number is about 1, and the process paths are
straight lines. If the Lewis number is >1 the process path is
concave and higher saturation ratios are reached. For saturated
gas—vapor mixtures, supersaturation arises directly after the
condenser inlet. Supersaturation during condensation can be
avoided if the gas—vapor mixture is superheated before it enters
the condenser. It has also been established by experiments that
supersaturation and aerosol formation initiated by heteroge-
neous nucleation can be avoided by superheating the gas—
vapor mixture before condensation [27, 105].

Rigorous approaches for heat and mass transfer involving
nonvanishing mass fluxes yield curved process paths as shown
in Fig. 38 for condensation and evaporation processes [106].

If the Lewis numbers are smaller than or equal to 1, for
instance for air—water mixtures, only low supersaturation can be
expected in condensation. In contrast to that, high supersatura-
tion arises if the liquid is evaporated in the presence of an inert gas.
For Lewis numbers considerably >1 the opposite behavior can be
observed.

Experimental investigations confirm this behavior [106].

As pointed out in Sect. 5.2 spatially one-dimensional mod-
eling of process paths is a reliable method to predict
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M11. Fig. 37. Process paths for the condensation of gas—vapor mixtures at constant film surface temperature T and low vapor loading
in comparison to a saturation curve pg(T). Curves | and II: Le = 1; Curve lll: Le > 1.
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M11. Fig. 38. Process paths (dashed lines) for evaporation and condensation processes in the presence of inert gases (S = start; E = end)

in comparison to saturation curves. The process paths are calculated based on a spatially one-dimensional model with rigorous equations for
heat and mass transfer as well as temperature- and concentration-dependent Lewis numbers.

supersaturation and aerosol formation in condensation or evap-
oration processes if packed columns are used as contact devices
where radial profiles of concentration and saturation can be
neglected. But most of all condensation processes take place in
surface condensers, for instance in tube bundle condensers. For
these apparatuses two- or three-dimensional simulations of
concentration, temperature, and saturation profiles yield strong
radial gradients. But the crucial fact whether or not the gas flow
becomes supersaturated (S > 1) and fog is formed initiated by
heterogeneous nucleation can be predicted based on a one-
dimensional model describing the process path along the axis
of an apparatus [105, 107]. Investigations of saturation profiles
in laminar tube flows underline this finding [108]. It has been
demonstrated by Manthey that the theory and experiment
match very well if the operation parameters for fog forma-
tion (fog limit) initiated by heterogeneous nucleation have
to be determined for mixtures with Lewis numbers close to
1 [105]. Obviously, if in a certain cross section the saturation
ratio is below 1 but there are local saturation peaks (S > 1), and
aerosol formation takes place in a narrow section, small-scale

transport of droplets in subsaturated sections (S < 1) leads to
re-evaporation.

For mixtures with higher Lewis numbers saturation peaks
may occur in a surface condenser which exceed the critical
saturation for homogeneous nucleation, even if the mean satu-
ration ratio in a cross section of an apparatus is far below the
critical saturation S, for homogeneous nucleation [109]. For
this case it has been shown by Mall-Gleifile that fog formation
initiated by homogeneous nucleation already may occur if the
saturation ratio predicted by a one-dimensional plug flow
model exceeds S =1 [106].

Summary of the findings describing the following recommen-
dations to estimate the fog formation potential in condensation
and evaporation in the presence of inert gases can be given:

(1) The Lewis number of the gas—vapor mixture is the decisive
parameter governing the formation of a supersaturated gas
phase.

(2) Spatially one-dimensional modeling of condensers and eva-
porators is sufficient for estimating the maximum saturation
which is relevant to decide whether fog formation occurs.



(3) High temperature differences between gas phase and cool-
ing medium favor fog formation.

(4) Superheating of gas—vapor mixtures before condensation
decreases supersaturation and consequently, the tendency
to fog formation.

6 Symbols

c speed of sound (m/s)

d diameter (m)

F; ith functional relation (i = 1,.. ., 4)

f frequency (s™")

g condensate mass (kg)

9/ Gmax condensate mass fraction/wetness (—)

J nucleation rate (m > s~ ')

k= 1.380662 x Boltzmann constant

1072 J/K

K frequency factor (m > s™")

Kn = A/d Knudsen number (-)

L latent heat (J kg_l)

m, mass of a molecule (monomer) (kg)

M Mach number (-)

Nj = 6.022045 x Avogadro constant

10% mol ™

n number concentration (m )

Mhet heterogeneous nuclei concentration
(m™?)

Mhom homogeneous nuclei concentration
(kg ™)

o] surface of a cluster /nucleus (m?)

p pressure (bar)

Disat partial saturation vapor pressure of com-
ponent i in a mixture (bar)

Doisat pure component saturation vapor pres-
sure in a mixture (bar)

Dsat total saturation vapor pressure (bar)

q heat addition (J kg_l)

Re Reynolds number (—)

r* critical nuclei radius, radius of curvature

at the nozzle throat (m)

S saturation ratio (-)

St Strouhal number (-)

Teyele time interval of one cycle (s)
Tu degree of turbulence (-)

w velocity (m sh

v velocity vector (m sh

x vapor mass fraction (-)

VA half nozzle height at the nozzle throat (m)
Z Zeldovich factor (=)

Greek letters

o Mach angle (°)

o void fraction, vapor volume fraction (-)

o accommodation coefficient (-)
p, 6 angle (°)

A mean free path (m)

Y heat capacity ratio (-)

Spontaneous Condensation and Cavitation

) relative humidity (-)

Ui chemical potential of a component 7 in a mixture (J/mol)
u chemical potential of a pure component (J/mol)
o surface tension (N m™ 1)

Orf cavitation number at reference state (—)

C)] nonisothermal factor (-)

T, T¢ characteristic time scales (s)

Subscripts

0 reservoir conditions

1,2 conditions at position 1, 2

c condensation onset

cycle value of one cycle

G, gas gaseous value

het heterogeneous

hom homogeneous

inlet inlet value

L, lig liquid value

max maximum value

min minimum value

out, mix outlet value

r curved surface with radius r
ref reference value
rot rotational velocity
sat equilibrium saturation state
sf liquid film surface property
vap vapor value
00 flat interface r = oo, bulk value
Superscripts
a exponent of similarity law
— reduced value, averaged value
* value of critical nucleus, value at M =1
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Hints on the Construction of Heat Exchangers

O1 Hints on the Construction of Heat

Exchangers

Giinther Kirchner
BASF SE, Ludwigshafen, Germany

1 Heat EXChangers .............cccevviiiiiiiinnenns
1.1 Construction Codes and Operation..............
2 Shell-and-Tube Heat Exchangers ...............
2.1 Nomenclature and Standards.....................
2.2 1725
2.2.1  Shell-and-Tube Heat Exchangers with Two

Fixed Tube Sheets...........ccooieiiiiiiiiiiinnn,
2.2.2  Shell-and-Tube Heat Exchangers with

Floating Head...........coooviiiiiiiiiiiiine.n.
2.2.3  U-Tube Shell-and-Tube Heat Exchangers.........
2.3 Design Considerations.................cooeuuee...
2.3.1  Flow Patterns in Shell-and-Tube

Heat Exchangers ............coooeiiiiiiiiiinnnn
2.3.2  Geometric Considerations................ooouuun.
233 Flow Velocities .....covviviiiiiiiiiiiiiiiiiinnnn.
2.3.4  Multiple-Pass Operation.................ccoun...
2.3.5 Inner Tubes, Length, and Wall Thickness

of Tubes......vvveeeiiiiiiiiiii s
23.6  TubePitch ......ccooeiiiiiiiiiiiiiiiiii
2.3.7  Estimation of the OTL and the Tube

Spacing Plan ..........oooiiiiiiiiiiiiiiiiie..
2.3.8  Baffleson Shell side.............cccevviiiiiiinnn
2.3.9  SupportPlates .......oooiiiiiiiiiiiiiiiiiiii
2.3.10 Sealing Strips and Dummy Tubes................
2.3.11 Clearances Between the Inner Diameter

of the Shell and the Outer Diameter of

Segmental Baffles ....................o
2.4 Design Details. ....oovvviiiiiiiiieniiiiia,
2.4.1 Tube-to-Tube sheet Joint ........ccovvviiiinnn.
242  Tube Sheet ......ccoovviiiiiiiiiiiiiiiiiiiiiin,
2.4.3  Impingement Protection.............cooevvinn..
2.4.4  Design of Segmental Baffles and

Support Plates ........ooovviiiiiiiiiiiiiiiee. .
245 NOZZIES ..o
2.4.6  Pass Partition Seals ............ccceeeiiiiiiiiii
1 Heat Exchangers

The following factors are important in selecting the most suit-

able heat exchanger for any of the numerous applications that

may arise in chemical and process engineering:

e the operating temperature and pressure,
e differences in product temperatures,

VDI-GVC (ed.), VDI Heat Atlas, DOI 10.1007/978-3-540-77877-6_67,
© Springer-Verlag Berlin Heidelberg 2010

2.4.7  Seals on Longitudinal Baffles.....................
248  TieROAS....uuuiiiiiiiiiiiiiiiiii
2.4.9  Surface Coatings .......ovvviuviiiieeeenennnnnnnnns
2.5 Evaporators ...
2.5.1  Vertical Evaporators with Tube-side
Evaporation..........ccoviiiiiiiiiiiiiiiiian,
2,52  Falling-Film Evaporators .........................
2.5.3  Vertical Evaporators with Shell-side
Evaporation............oooiiiiiiiiiiiiiii
2.5.4  Horizontal Evaporator with Shell-side
Evaporation..........c.ccoiiiiiiiiiiiiiiiiiiiann.
2.6 Condensers. ......o.oovvuiiiiiiiiiiiiiiis
2.6.1  Vertical Condensers with Shell-side
Condensation ........ooevvieeieenininininnneeen..
2.6.2  Vertical Condensers with Tube-side
Condensation ........ooouvvieiieeiiiininnnnnnee...
2.6.3  Horizontal Condensers with Tube-side
Condensation ........oouuvvieeeeerrniniinnneen..
2.6.4  Horizontal Condensers with Shell-side
Condensation ........oouvviieieeeniiininnnnneen..
3 Compact Heat Exchangers ..........cccoeeeee...
3.1 Plate Heat Exchangers ................ccovine..
3.2 Spiral-plate Heat Exchangers.....................
4 Other Designs .....ooovvvvvviiiiiiiiiiiieineeenns
4.1 Helical Coil Heat Exchanger......................
4.2 Double-tube Heat Exchangers....................
4.3 Safety Heat Exchangers.....................ooo.
4.4 Graphite Heat Exchangers........................
4.5 Thin film Heat Exchangers.......................
4.6 Air-cooled Heat Exchangers......................
5 Appendix.........oooiiiiiiiiiiiiiiiii
6 Bibliography.......coovvvvviiiiiiiiiiiiiiiininnnns
® corrosion,
e leakage and safety aspects,
® phase conversion,
® economy,
® space requirements.

Particular attention has been devoted to these aspects in the
following description of the various types of heat exchangers.
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